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Abstract 

We prove that a closed 3-orbifold that fibers over a hyperbohc polyg- 
onal 2-orbifold admits a family of hyperbolic cone structures that are 
viewed as regeneration of the polygon, provided that the perimeter is 
minimal. 

1 Introduction 

The space of hyperbolic cone 3-manifolds with fixed topological type and with 
cone angles less than tt is well understood by j33) , but the boundary of this space 
is not. The aim of this paper is to establish a regeneration result in the spirit of 
Hodgson f5^, that goes from a hyperbolic 2-orbifold, viewed as a collapsed 3- 
orbifold, to a family of hyperbolic cone 3-manifolds with decreasing cone angles, 
starting at vr. The 3-orbifold is Seifert fibered, and those cone manifolds appear 
in the proof of the orbifold theorem; however, none of the approaches shows 
the explicit collapse, as the Seifert fibration is constructed by other methods 

[SJEllllS]. 

Let be a closed and orientable 3-orbifold, which is Seifert fibered over a 
two orbifold P^: 

The branching locus of is a link or a trivalent graph S^a. Its edges and 
circles are grouped in two, horizontal (if they are transverse to the fibers) or 
vertical (if they are fibers): 

Points in 1]^°'' project to the mirror and dihedral points of P^ . Assume that 
the orbifold P^ is a hyperbolic Coxeter group, generated by reflections on a 
hyperbolic polygon whose angles are tt over an integer. Thus P^ is a polygon 
with mirror points at the edges, and dihedral points at the vertices. We may 
assume also that P^ has possibly a single cone point in its interior. For instance, 
with branching locus a Montesinos link is an example of such fibration. 

* Partially supported by the Spanish Micinn through grant MTM2009-07594 and prize 
ICREA ACADEMIA 2008 
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We view the Seifcrt fibration as a transversely hyperbolic foliation, hence 
with a developing map 

that factors through the universal covering of P^. 

According to KerckhofF's proof of Nielsen conjecture [33], there is a unique 
point in the Teichmiiller space that minimizes the perimeter of P^. Let 

denote the orbifold equiped with this hyperbolic structure. 
The main result of this paper is the following: 

Theorem 1.1. Assume that P^ has at most one cone point in its interior. 
There exists a family of hyperbolic cone manifold structures C{a) on \0^\, with 
singular locus S^js and cone angle a G (tt — e, tt) on S^"'" and constant angles 
(the orbifold ones) on S^f*, so that 

lim C{a) = F^^„ 

for the Gromov-Hausdorff convergence. Moreover the developing maps converge 
to the developing map of the transversely hyperbolic foliation. 

The orbifold can be viewed as a cone manifold C{tt) with geometry 

S'L2(R) or X R, depending on the Euler number. With one of these ge- 
ometries, the singular edges and circles are either horizontal (with angle tt) or 
vertical, as those geometries are fibered. The theorem generalizes to those cone 
manifolds, without assuming that the vertical angles are 27r/n, just that the 
basis is a polygon with angles < 7r/2. This means that if g > 1 is the order of 
a singular fiber (with g = 1 if the fiber is regular), and if di < 2tt is the cone 
angle, then we require "Si/q < tt. 

Let k be the number of circles and edges on . Choose weights wi, . . . ,Wk G 
R+ = {a; e R I a; > 0} on these horizontal components. Those induce weights 

W = {wi, . . . ,Wn} 

on the edges of P^, just by adding the two weights of the mirror points of the 
fiber of any interior point of the edge, ie. Wi = Wj. + Wfc. . Of course if fc = 1, 
then W is the constant weight. If ei, . . . , e„ are the edges of P^, with lengths 
|ei|, . . . , |e„|, the W-perimeter is defined as 

wileil H h W„|e„|. 

We will show (Proposition II. 5p that in the set of hyperbolic structures on a 
polygon with ordered angles t?i/2qi, . . . , '!?„/2(7„ there is a unique minimizer of 
the W-perimeter, that we denote Pw-min- 

Theorem 1.2. Let C{tt) be a closed, orientahle cone manifold with geometry 

5^2 (R) or H'^ X R with cone angles < 27r, and with space of fibers a polygon P^ 
with angles < 7r/2. There exists a family of hyperbolic cone manifold structures 
C(ai, . . . , ak) with cone angles Ui — tt — Wit, for z = 1, . . . , fc and t g (0, e) on 
Sqs'', and constant angles on S^f"*, such that 

}^+ ■ • ■ , "fe) = P-w-min 

for the Gromov-Hausdorff converge. 
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Figure 1: Example of fibered orbifold: with branching locus this link. The 
base is a quadrilateral. 

A version of Theorem 11.11 was stated in Hodgson's thesis In particular, 
Hodgson showed that the minimizer of the perimeter corresponds to a singularity 
in the variety of representations of \ S^s. However, to construct the path 
of representations requires further detail, done here. For the construction of the 
developing maps we use an approach different from [22, . 

The idea of regenerating from Kerckhoff minimizers is also related to a the- 
orem of Series on pleated surfaces [IHl , where as an application she also obtains 
a family of cone manifolds. 

Theorem 11.11 needs to assume that there is at most one cone point in the 
interior of the polygon, otherwise \ Tiqs would contain an essential torus, 
contradicting the existence of hyperbolic cone structures. 

We make the following assumption along the paper: 

Remark 1.3. We may assume that has no interior cone point: If the in- 
terior of has one cone point, then we consider the orbifold covering that 
unfolds this point and work equivariantly. 

Concerning the equivariance, the structure of P^ that minimizes the perime- 
ter is unique, by Kerckhoff [23], hence equi variant. The structure of the hyper- 
bolic cone manifolds is also equivariant because it is unique, by Weiss' global 
rigidity [34^ . Notice that two or more cone points would not produce a polygon 
when unfolding, but an orbifold with more complicated underlying space. 

Let us show a consequence of Theorem 11.21 for hyperbolic polyhedra. Fix n 
positive real numbers 

</?!,..., /3„<V2, 

satisfying '^{■n — j3i) > tt. By Andreev theorem, for any choice of ai, . . . , a„, 
a[,...,a'„ satisfying 

< a,;, a- < 7r/2, ai + a^+i > vr — (3i, and a'^ + a[^i > tt ~ (3i, 

there exists a unique hyperbolic polyhedron with the combinatorial type of a 
prism with an n-edged polygonal base, with dihedral angles at the "vertical" 
edges /?!, ■ • • , angles ai, . . . , a„ at the respective n "horizontal" edges of the 
top face, and a'l, . . . , a'„ at the respective n horizontal edges of the bottom face. 
They are arranged so that the edges with angles a^, /3i, and /3i+i bound a 
quadrilateral face. See Figure [5] 
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Figure 2: A hyperbolic prism as in Corollary II .41 



Now if we choose weights wi, . . . , Wn > for the bottom horizontal edges 
and w'l, . . . , w'^ > for the top ones, assume that 

cti = 7r/2 - Wit, 
a'^ = n/2- wit. 

Keep /?!, . . . , /3„ fixed and let i \ (hence a^, a- 7r/2). Set 

W ^ {wi +w[,...,Wn+ w'„} 

and recall that the W-perimeter of a polygon is the addition of its edge lengths 
multiplied by the weights. 

Corollary 1.4. When t \ 0, the prism converges to the n-edged polygon with 
angles . . . , /3„ of minimal W-perimeter, where W — {wi +w'i, . . . , Wn + w^}- 

The following result follows from the proof of Theorem 11.21 and the results 
of AppendixEl Given < . . . , < 7r/2 with - "^r) > 27r, let 

denote the space of hyperbolic n-gons with those ordered angles. 

Proposition 1.5. The perimeter has a unique minimum in . • . , i?n)- In 

addition, this is the only polygon in . . . j'&n) that has an inscribed circle 

tangent to all of its edges. 

For W = {wi, . . . ,Wn}, with Wi > 0, the W-perimeter has a unique mini- 
mum in . . . , I'Ti addition, this is the only polygon in . . . , "!?«) 
such that has a point p in its interior, so that sinh{d{ei,p)) is independent 
of the edges Ci of the polygon. 

To prove Proposition 11.51 in Appendix |X] we adapt to this setting the re- 
markable work of Kerckhoff [33], Thurston i31, and Wolpert [3S] on earthquakes 
and convexity of length functions, and a generalization of Thurston's earthquake 
theorem to cone manifolds due to Bonsante and Schlenker In addition, in 
the proof of Theorem 11.11 there is Killing vector field (corresponding to the de- 
formation of the fiber) that has an axis perpendicular to the polygon and is 
equidistant to all of its edges. In particular the polygon that minimizes the 
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perimeter has an inscribed circle tangent to all of its edges. Uniqueness of the 
polygon in . . . , i^n) with such an inscribed circle is easy to prove by a con- 

tinuity method, however I was unable to find Proposition [TT5] in the literature. 

The proof of Theorem II . II has two parts: first to construct a curve of repre- 
sentations of the smooth part of and second to prove that these representa- 
tions are holonomy structures of the cone manifolds by constructing developing 
maps. 

For the construction of the curve, we have to choose the structure that 
minimizes the perimeter. Using the symplectic structure of the variety of rep- 
resentations of 9A/'(Sc'), due to Goldman [M], the Hamiltonian vector field of 
the perimeter is essentially the direction to regenerate in the variety of repre- 
sentations of dAf{T,o). Beeing a critical point for the perimeter implies that 
this direction is induced from deformations of O \ A/'(So). 

The construction of the curve of representation is much easier if the base 
is a triangle, ie. the orbifold is small. In this case the Teichmiiller space is just 
a point, and a direct computation in cohomology allows to construct the curve 
of representations. Notice also that, since the orbifold is small, the analysis of 
Paiva-Barreto [5] applies here, to prove that the limit of cone manifolds is the 
2-dimensional orbifold. 

Once we have the existence of the curve of representations, we construct 
developing maps. For this we use the fibration: vertices of the base correspond 
to rational tangles, edges to /-fibered strips, and the interior points to regular 
fibers. We construct the developing map first for the tangles, then for the strips 
that connect them, and finally for the regular points. In particular the union of 
tangles and neighborhoods of the strips is a solid torus, and the underlying space 
of the orbifold is a generalized lens space. Previous to this construction, we must 
analyze the infinitesimal deformation of the fiber, and the corresponding Killing 
vector field, which happens to be perpendicular to the developing map of the 
two dimensional polygon. 

The proof of Theorem II . 2 1 follows exactly the same scheme as Theorem ll.il 
just by adding the weights, and by adapting some arguments from orbifolds to 
cone manifolds. To simplify, we discuss first Theorem I 1 . 1 1 and prove Theorem ll.2l 
in Section [TUl 

The paper is organized as follows. In Section [2] we state the existence of a 
one parameter deformation of representations with some properties. We prove 
it in this section when is a triangle, and its proof for general P^ is done in the 
following sections. Section [3] deals with relative character varieties. Section 2] is 
devoted the symplectic structure of the variety of characters of a surface, and to 
Fenchel-Nielsen local coordinates. The curve of representations is build in Sec- 
tion[5]when all singular fibers are in E^'^'"*, and Section[S]in the general case. In 
Section [7] we recall the structure of the fibration of and we also set notation. 
Section [S] is devoted to the the study of the Killing vector field associated to 
the infinitesimal deformation of the fiber. Developing maps are constructed in 
Section [9] In Section [TOl we discuss Theorem 11.21 Section [TT] is devoted to an 
example. Finally, Appendix |X] explains earthquakes and Kcrckhoff-Thurston- 
Wolpert theory for cone manifolds, in particular Proposition ll.5l is proved in this 
appendix. Appendix[B]is devoted to some results about infinitesimal isometries, 
used mainly in Section [5] 
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2 Varieties of representations 



We start with the holonomy representation of the hyperbohc orbifold 
hol:7ri(p2) ^ PGL2(R) = Isoni(H2), 

where the elements preserve or reverse the orientation of according to the 
sign of the determinant. Notice that 

PGi2(R) = PSL2{'R) U PS L2iiR) < PSL2{C) = Isom+(H3). 

Let 

M = \0^\\Af{T,o3) 

denote the smooth part of the orbifold. By [inillZ], the induced representation 
on M can be lift to 

PO-.TTliM)^ SL2iC). 

The goal of this section and the next ones is to prove the following result. 

Proposition 2.1. There exists {pt}te{~e,e) ^'^ analytic path of representations 
of M in SL2{C) such that po is as above and for each t € (0,e), pt of a vertical 
meridian is constant, and pt of a horizontal meridian is a rotation of angle 

TT-r + o(r+i) 

for some r G Z, r > 0, independent of i. 

It is convenient to fix the orientation of the singular edges and their meridians 
to distinguish a rotation of angle n — V from tt + V ,t > Q. 

We prove that this proposition holds when P^ is a triangle at the end of this 
section, but the general case is proved in Sections [S] and [51 Later, we will also 
show that r — 1. Before that, we state some basic properties of the variety of 
representations and characters. 

For an orbifold or a manifold Z, the variety of representations of 7Ti{Z) in 
SL2{C) is 

R{Z) = hom(7ri(Z),S'L2(C)). 

This is a complex afhne set of defined over Q. The embedding in is 
given by trace functions of N elements of tti{Z) [TTl ITT] . 
For a representation p € R{Z), its character is the map 

xp--Mz) c 

7 i~> Trace(p(7)). 

The variety of characters X{Z) is the set of all characters of R{Z), and it is 

also a complex affine set over Q. 

A representation p G R{Z) is called irreducible if no proper subspace of 
is p(7ri(Z))-invariant. The representations we are considering are always 

irreducible. The set of irreducible representations is Zariski open, and so is 

the set of irreducible characters [TT]. We denote them by and 

respectively. 
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Lemma 2.2 ([H]). The projection 



R{Z) X{Z) 
P ^ Xp 

is surjective. Moreover R"'^{Z) — > X^^^{Z) is a local fibration with fiber the 
orbit by conjugation. 

In fact, the action of SL2{C) on R{Z) by conjugation is algebraic, and X{Z) 
is the Mumford quotient in algebraic invariant theory. 

Since orbifolds have torsion, sometimes we need to work with representations 
in PSL2{C), because they may not lift to SL2{C). This does not make any 
difference for the local structure of the variety of representations and characters 
at the representations we are interested in, cf. [H]. The varieties of PSL2{C) 
representations and characters are denoted by 

RpsL2{c){Z) and XpsL2{c){Z). 

By Weil's construction, the Zariski tangent space to X{Z) at Xp is naturally 
identified with the first cohomology group of 7ri(P^) with coefficients in the Lie 
algebra 3(2(0) twisted by the adjoint representation Adp pS] : 

Lemma 2.3 ( [311 US HH] ) . If P R{Z) is irreducible, then 

Tl^^X{Z) = H\7r,{Z),Adp), 

where T^'"' means the Zariski tangent space as a scheme (not necessarily re- 
duced). 

If p £ RpsL-2(C){Z) does not preserve a subset of dooR^ of cardinality < 2, 
then 

T^:'XpsL.(c){Z) = H'{MZ),Adp). 

Notice that the hypothesis that p does not preserve a subset of SooH"^ of 
cardinality < 2, is equivalent to say that p is irreducible and that it does not 
preserve any unoriented geodesic. 

We may need to work with cohomology of orbifolds instead of manifolds: a 
possible way to define it is as the equivariant cohomology of a manifold cover 
(all orbifolds here are very good: they have a finite covering which is a mani- 
fold). Otherwise, it can be equivalently defined as simplicial cohomology of a 
triangulation adapted to the stratification of the singularity. 

Lemma 2.4. For a very good orbifold Z there is a natural map 

W{TTi{Z);Adp) H\Z-Adp) 
which is an isomorphism for i < 1 and injective for i — 2. 

Proof. When Z is a manifold, there is always a natural map from Z to a K{tt, 1) 
space, that consist in attaching cells to Z to kill the higher homotopy groups. 
Since the attached cells are of dimension > 3, the lemma follows for manifolds 
(cf. [m Lemma 3.1]). Since the coefficients are sl2(C), by working equivariantly 
it also holds true for very good orbifolds. □ 
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See [TTJ [TTJ [TH [THl [2S] for more results about the varieties of representations 
and characters. 

Proof of Provosition \2.1\ when is a triangle. Let po ■ '^liP^) ~^ PSL2{C) 
denote the holonomy representation. (It also denotes the lift to SL2{C) of 
the induced representation on M = Sos.) As P^ is an orbifold, we have to 
work with coefhcients in PSL2{C) instead of SL2{C). Triangular orbifolds are 
rigid, and therefore the tangent space to the variety of PS'L2(C)-characters of 
7ri(P^) is trivial at po: 

H\ni{P^y,Adpo) = H\P^;Adpo)^0. 

The variety of PS'L2(C)-characters for is locally isomorphic to the one 
of P^, because any irreducible representation of must map the fiber to the 
center, hence to the identity matrix, cf. Lemma |331 It follows that 

H\0^;Adpo) = 0. 

Also H^{0^; Adpo) — because the representation is irreducible, thus by dual- 
ity: 

H*iO^;AdpQ) = 0. 

This vanishing does not hold true if P^ is a large orbifold. 

By the Mayer- Vietoris exact sequence of the pair {M,J\f{T,Q3)), we get the 
isomorphism: 

^ H\M; Adpo) ® H\Af{J:o3); Adpo) H\dM;Adpo) 0. 
Its dual in homology is 

^ Hi{dM;Adpo) Hi{M;Adpo) ® iJi(A/'(Eo3); Adpo) ^ 0. (1) 

In particular, dim Hi {M; Ad po) = ^ dim Hi{dM; Adpo) ■ 

Let 7i,...,7fc S TTi{M) denote the meridians of So^i if "^o^ ^ com- 
ponents and edges. Let fj,i, . . . ,pk denote the complex lengths the meridians 
li, ■ ■ ■ ,1k (ie. the eigenvalues of a representation evaluated at ij are ie^'^j/^). 

Let Ai, . . . , Afc be the complex length of the twist parameters of this pants 
decomposition, cf. Section ID By [19 and Proposition 14. II 

{d/ii,dAi, . ..dpk,dXk} 

is a basis for the cotangent space of the product of character varieties of the 
boundary components: 

X{dM) = X{diM) X • • • X X{drM), 

which is isomorphic to 

Hi{dM-,Adpo) = Hi{diM;Adpo) © • • • ® Hi{drM; Adpo). 

On the other hand, dpi, . . . , dpk are mapped to zero in HiiMC^Qs); Adpo). 
Thus it follows from Isomorphism ([T]) above that {dpi, . . .dpk} is a basis for 
the Zariski cotangent space Hi{M; Adpo). 
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Now we want to prove that all infinitesimal deformations of PqIt^-^m are inte- 
grable: namely that all elements of the Zariski tangent space H^{M; Adpo) are 
actually tangent vectors to paths. There is an infinite sequence of obstructions 
to integrability living in the second cohomology group [2] , starting with the cup 
product and following with Massey products. These obstructions are natural 
and they vanish for dM. In addition, we also have the following isomorphism 
from Mayer- Vietoris: 

H^{M; Adpo) H^idM; Adpo) 0. 

Hence the infinite sequence of obstructions to integrability vanishes. This only 
implies that the infinitesimal deformations are formally integrable, but a theo- 
rem of Artin implies that they are actually integrable p3. See HZTP for details. 
Thus {pi, . . . , pk) define local coordinates for the variety of characters of M. 
To prove Proposition 12. 1[ it suffices to take pj = i(7r — t) when 7^- is horizontal, 
and Pj = ctnt when jj is vertical. □ 

3 Relative character variety 

Let Z he a compact aspherical 3-manifold with boundary, for instance the ex- 
terior of the singular locus M = 0\ J\f{Y,o)- 

One way to work with manifolds instead of orbifolds is to use relative char- 
acter varieties of manifolds. This is convenient for working also with cone man- 
ifolds. 

Definition 3.1. Let T — {71, . . . ,7^} C t^i{Z) he a finite subset. The relative 
character variety with respect to the values ai, . . . , e C \ {±2} is 

x{z, r) = {x e x{Z) \ x(7.) = a, for 7, e r}. 

The role of the ai, . . . , e C \ {±2} is not important, and they are not 
included in the notation. Usually, these values are clear from the context. 

Lemma 3.2. Let X — Xp ^ ^{^) '^^ irreducible character such that x(7) 7^ 
±2 for 7 e r. 

1. The Zariski tangent space to X{Z,T) is: 

T^''^'X{Z,T) = keT{H\Z;Adp) ^ (ByerH^il: Adp)) 

^ lni{H\Z,r;Adp) -> H\Z;Adp)). 

2. The Zariski cotangent space to X{Z,T) is: 

(T^aryx^2,T) = H ^{Z ' Ad p) / ^ ev H li^i , Ad p)) ^ Hi{Z-Adp)) 

= Im{Hi{Z;Adp) Hi{Z,r; Adp)). 

The lemma follows from Lemma 12.31 by analyzing tangent and cotangent 
induced maps of the morphism induced by inclusion, 

X(Z)^X(7i) X ••• xX(7fc), 
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and from the long exact sequence in cohomology of the pair {Z, T). 

Now assume that F = {71, . . . ,7^} is a pants decomposition of dZ. This 
is, each component of dZ \ F is either a pair of pants or a cyhnder, and the 
cardinahty of dZ is minimal. In particular 

3 

k = ——x{dZ) + number of components of dZ that are tori. 
Also assume that for some 1 < / < fc, 

X(7i) =±2cos(— ),...,x(70 =±2cos(-). 

ni m 

Set n = {ni,...,ni) E N'. Consider the orbifold Z^ obtained by adding I 
1-handles branched along the cores of respective orders ni,...,ni, along the 
meridians 71 , . . . , 7; : 

Zn^ZUD^{Tii) X [0,1]U ■■■UD^{ni) x [0,1]- 

Here D^{ni) denotes the disk quotiented out by a group of rotations of order 
rii, thus D'^{ni) x [0, 1] is a 1-handle with branching locus its core. 

Fill the spherical components of dZn'. ie. for every 2-orbifold in dZn that is 
spherical (isomorphic to 5'^/F) attach a ball B^/T: 

Z„ = Z„ U B^/Ti U • • • U B^/Ts. 

Those spherical 2-orbifolds cither come from pairs of pants that are bounded by 
three curves with an attached meridian disk each, or they come from cylinders 
bounded by a curve with an attached meridian. Notice that 7ri(Zn) = tti(Z^). 

Lemma 3.3. The inclusion Z — > Z„ induces an isomorphism of the relative 
varieties of irreducible characters 

^PSL2(c)(^n'{7i+i, ■ • ■ :7fe}) ^ ^PSL2(c)(^' {71: • ■ • ,7fc})- 

Proof. We prove that this map is a bijection and also that it induces an iso- 
morphism of Zariski tangent spaces. The natural surjection 7ri(Z) — >■ 7ri(Zn) 
induces the map of relative PS'i2(C)-character varieties that is a bijection, 
because 

TT, (Z„) - TTl (Z„) = TTl (Z)/(7l"l , . . . , 7;"' ) , 

and the fact a matrix of PSL2{C) has order ni is determined by its trace. 

To prove that it is a local isomorphism at the infinitesimal level, we claim 
that H^{Zn; Adp) — > H^{Z; Adp) is an inclusion, and that the image equals 
the kernel of H^{Z-,Adp) 0-^i {"fi; Adp) . Since the inclusion Z^ C Z„ 
induces an isomorphism of fundamental groups, by Lemma l2.4l ff^fZr.: Adp) = 
H^{Zn; Adp) and we may replace Z^ by Z„ in the claim. 

Apply the long exact sequence to the pair {Z^ Z): 

H\Zr„Z;Adp) H^{Zn;Adp) H^{Z;Adp) H^{Zr„ Z; Adp). 

Let V be the union of singular 1-handles attached along 71 , . . . , 7; . In particular 
VUZ = Zn and F n Z ~ 71 U • • • U 7;. By excision 

I 

H*{Zn, Z; Adp) ^ H*{V, V n Z; Adp) - H* {D\n,) , j,; Adp) . 

i=l 
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From the exact sequence of the pair, and by using that H^{D'^{ni); Adp) = 
because ■Ki{D^{ni)) is finite and H°{D^{ni); Adp) = H° {'ji; Adp) , we deduce 
that 

H^{D'^{ni),-i^]Adp) = and {D"^ (ui) , -fi] Adp) ^ H\-fi;Adp). 
This proves the claim and the lemma. □ 

Assume that Z is an orientable Seifert fibered orbifold with base B and that 
X is an irreducible character. Assume also that 7^+1, . . . , 7ft project to peripheral 
elements of B. 

Lemma 3.4. The projection Z ^ B induces a map 

^PSL2iC)iB, {H+1, ■ ■ • ,7fc}) ^PSL2(C)i^^ {H+1, ■ ■ ■,1k}) 

that is an isomorphism. 

Proof. As in the previous lemma, we prove that this map is a bijection that 
induces an isomorphism on Zariski tangent spaces. The kernel ker(7ri(Z) — > 
7ri(i3)) is the center of a finite index subgroup Go < t^i{Z) (of index at most 
2). Since PSL2{C) has no center, every irreducible representation of t^i{Z) 
maps the center to the identity. Hence ker(7ri(Z) — )■ 'Ki{B)) is mapped to 
the identity or to a normal subgroup of order two. Again by irreducibility, 
ker(7ri(Z) — )■ 7ri(i?)) is mapped to the identity, hence irreducible representations 
of 7ri(Z) are canonically in bijection with representations of 7ri(_B). 

To prove the isomorphism in cohomology, we use group cohomology, in par- 
ticular group cocycles. We claim that every group cocyclc 9 : tti{Z) — > s[2(C) 
maps the fiber to zero and therefore factors through iti{B). Here a cocycle 
means that ^(7172) = 6'(7i) + ^(^^(71)^(72), V7i,72 e ■k\{Z). 

To prove the claim, if 70 G kcr(7ri(Z) 7ri(i3)), and 6' is a cocycle, then for 
any 7 € Go < 7ri(Z), the cocycle rule applied to the relation 707 = 770 reads 

e(7o) + Adp(^„)^(7) = ^(7) + ^d^(^)^(7o). 

As p(7o) = ± Id, it follows that [Adpi^^^ — 1)^(70) = 0. Since this holds for every 
7 e Go < 7ri(2') and p is irreducible, it follows that ^(70) = 0. □ 

4 The symplectic structure of the variety of char- 
acters 

As in the previous section, Z is a compact aspherical 3-manifold with boundary. 
Let X{dZ) denote the product of character varieties of components of dZ: 

X{dZ) = X{diZ) X • • • X X{drZ), 

where dZ = 9iZ U • • • U drZ is the splitting in connected components. 

Choose a pants decomposition for the components of dZ. This is, a collection 
of disjoint simple closed curves in dZ, 
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that cut dZ into pairs of pants or cylinders, and the family has minimal cardi- 
nality. Here fc — — |x(^-^) + ''^o, where fco is the number of components of dZ 
that are tori. 

For j — 1, . . . , fc, let /ij denote twice the logarithm of the eigenvalue of the 
trace of the j-th meridian 7^ , so that \Xj has real part the translation length and 
imaginary part the rotation angle of p(cij)- Let denote the twist parameter. 
Algebraically, when we cut along the (non-separating) meridian and write the 
fundamental group of the surface as an HNN-extension, \j is twice the logarithm 
of the eigenvalue of the element of the extension. (In the separating case, it is 
twice the logarithm of the eigenvalue of the conjugating factor). Notice that \j 
is only defined after normalization. 

When 7j is the meridian of a cone manifold, by |33j . Aj can be chosen so that 
its real part is the length of the corresponding singular edge. For representations 
of M = O \ 7V(Sc)), that factor through P^, then ^ Aj is twice the perimeter 
of 

Proposition 4.1 (Fenchel- Nielsen local coordinates). Let x G X{dZ) he such 
that xilj) 7^ and x restricted to each pant of dZ\ Ui^i is irreducible. Then 
the parameters 

{p-i, ■ • • , Mfc, Ai, . . . , Afc) 
define local coordinates for X{dZ) around x- 

Though it is well known, we give a proof in this algebraic setting for com- 
pleteness. 

Proof of Proposition \4-l\ Since the representation restricted to each pant is ir- 
reducible, it is locally parametrized by the trace of its boundary curves. Namely, 
an irreducible character in SL2{C) of a free group with two generators a and 
b is parametrized by the traces of a, b and ab (see for instance [T7]), that 
are precisely the boundary curves of a pair of pants. We also use that since 
xilj) 7^ i2, the value of a character at 7^ is locally parametrized by Hj, be- 
cause xilj) — 2cosh(/ij/2) ^ ±2. When the curve 7^ is in a torus, the cutoff 
of this component is a cylinder, and its conjugacy class is parametrized by fj,j. 
Hence the ni, . . . , Hk are local coordinates for the restrictions to pants and cylin- 
ders. The coordinates are completed by adding the amalgamations along the 
curves 7;, namely the Ai, . . . , Afc. □ 

Definition 4.2. The tangent vectors {9^^ , • • ■ , dfik i , ■ • • , } are the coor- 
dinate vectors of a parametrization as in Proposition \4-l\ 

Notice that {9^^ , . • . , 9^1- , d\-^ , . . . , } is a C-basis for [dZ. Adp). 
Consider the pairing that consists in combining the usual cup product with 
the Killing form: 

B:s[(2,C) X s[(2,C) ^ C, 

to get a 2-cocycle with values in C, see [TH [T21 US]- We still denote by U this 
paring: 

U : H^idZ- Adp) X H^{dZ- Adp) H^idZ; C) ^ C. (2) 

Here the last arrow is just the composition of the isomorphism H^idiZ, C) = C 
for each boundary component diZ with the addition of the coordinates C x 
••• X C ^ C. 
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Theorem 4.3 (Goldman [S1[TS]). The product (0) defines a symplectic struc- 
ture on X{dZ). Moreover is the Hamiltonian vector field of ^j: 

dfij = d\. U 

Corollary 4.4. Let F be a function of X{dM), and Hp £ TpX{dZ) its Hamil- 
tonian, the vector that satisfies dF = Hp U — . Then 

d^i-jiHp) 

Proof. By Theorem [131 

d^l,{HF) ^ dx^UHp 

□ 

Theorem 4.5 (Duality Theorem). Let x G and T = {71,..., 7^} C 

TTi^dZ) satisfy the hypothesis of Proposition \4-l\ and let ai, . . . , Ok € C. There 
exists a tangent vector v G H^{Z, Adp) such that 

d^Xiiv) = Qi, /or z = 1, . . . , fc, 

if and only if aidXi + • • • + a^dXk vanishes in the cotangent space to X{Z,T). 

Proof. Assume first that there exists a tangent vector v S H^{Z, Adp) = T^X{Z) 
such that dfii{v) = Oi, for i = 1, . . . , fc. Let i : dZ — > Z, denote the inclusion, and 
i* ■.T^X{Z) — !■ T^X{dZ) the induced map in cohomology. Let F be a function 
linear in fii and Xi such that i*{v) = Hp. Then by Corollary 14.41 

dF 

Qj = diij{Hp) = - ^ 

Hence 

F = -aiAi QkXk + ^ hifii, 

for some bi E C. 

For every y e T^X{Z), 

dF o i*{y) = -i*{y) UHf = -i*{y) U i*{v) = 

because the image of i* is an isotropic subspace. Thus i^,{dF) — and by 
Lemma 13.21 (2), oirfAi + • • • + OkdXk vanishes in the cotangent space 

To prove the converse, start assuming that airfAi + - • ■+akdXk vanishes in the 
cotangent space to X{Z, T). Thus i*(ai(iAi + • • • + OkdXk) G H^ili', Adp), 

by Lemma [221 (2). Hence there exist bi, . . . ,bk G C such that 

i*(aidAi + • • • + akdXk) — i*(— 61 d^i ~ ■ ■ ■ ~ bk dfik) G Hi{dZ; Adp). 

Setting F = — (aiAi + • • • + a^Xu + + • • • + bkPk) we have ii,{dF) = 0. 
Working in cohomology, consider the image of 

i* -.H^iZ; Adp) ^ H^ {dZ; Adp) 
13 



dF 



dF 



which is a Lagrangian subspace of H^{dZ;Adp), by a standard argument us- 
ing Poincare duality. Moreover, since it{dF) = 0, dF is orthogonal to all 
deformations of dZ induced from deformations of Z: dF{lm{i*)) — 0. Let 
Hp e H^{dZ:Adp) be the "Hamiltonian vector of F": 

HpU- ^ dF. 

In particular Hp — kendF contains Ini(i*). Since Im(i*) is Lagrangian for the 
symplectic pairing, 

Hp G Im(r), 

otherwise lm{i*) © (Hp) would contradict the maximality of lm{i*) among 
isotropic subspaces. 
By CoroUarv 14.41 

Hp = aid^^ -\ h akdf_,^ + &i 9ai H h h dx^ , 

because diJ,j{Hp) — ~ aj fCoroUarv 14. 4p . Notice that the bj may be 

different from the bj. As Hp E lm{i*), there exists v G H^{Z, Adp) whose 
restriction to dZ is Hp, and therefore dpi{v) = dp,i{Hp) = Ui, for i ~ 1, • . ■ , 3n. 

□ 



5 All singular fibers are in the branching locus 

In this section we make the following assumption, that we will remove in Sec- 
tion [51 

Assumption 5.1. All singular I-fibers are in the branching locus of . 
Recall that 

is the PS'L2(C)-character induced by the perimeter minimizing hyperbolic met- 
ric of P^. Since all singular /-fibers are in the branching locus, we have: 

Remark 5.2. The smooth part 

i/ = 03\AA(So3), 

is a handlebody of genus n + 1. 

Consider 

r = {7i,-.-,734c^i(ai/) 

the (oriented) meridian curves for O^, one for each singular arc of Sc)3. In 
particular they give a pants decomposition of dH. Order them so that: 

• T = {j2n+i, ■ ■ -Tsn} is the set of vertical meridians (around E^f *), and 

• F \ T is the set of horizontal meridians (around E^"''). 
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We have the following isomorphisms 

The first isomorphism is Lemma l3.41 the second one is Lemma l3.31 and the third 
one follows from the fact that all representations of a free group to PSL2{C) 
lift to SL2iC). 

We have an inclusion 

X{H,T) C X{H,T). 
In a neighborhood of J7 C X{H, T) of xn, we define: 

M = (Ml , ■ • ■ , M2„) ■.UcX{H,T)^ 

so that 

X{H, r)n[/ = M"\7ri,...,7ri). 

Lemma 5.3. 1. The pair (U, X(H,T) D U) is biholomorphic to a neighbor- 
hood of the origin in in (C^", C"^^) 

2. The tangent map 

is injective on the normal bundle to X{H, T) D U . 

Proof. We first prove that U is biholomorphic to a neighborhood of C^". The 
2-orbifold P' = \ vertices{P^) obtained by removing the vertices of P^ 
can be deformed by changing the angles of the vertices. This gives i/i, . . . , 
tangent vectors to the variety of characters of P^ \ vertices{P'^) in PGL2(R), 
one for each cone angle (keeping the other angles fixed). Let Di denote the 
corresponding vectors in the variety of characters of H. The trace functions of 
72n+i satisfy d Trace^^^^ . (f'j ) — Sij, which implies that X{H,T) is smooth at 
Xn and has dimension 2n. 

Using elementary hyperbolic trigonometry, one can prove that the Teichmiiller 
space of P^ (the space of n-polygons in with fixed angles) embeds in R", 
with coordinates edge lengths, and it is a smooth submanifold of codimension 3. 
Let V C C" be the complexification of this normal space, and, assuming that 
7i and jn+i project to the same edge of P^, i = 1, . . . , let 

V = {(ai, . . . , a2n) e I (ai + a„+i, . . . , a„ + a2„) E V} ^ C"+\ 

Thus, if (ai, . . . , a2n) G V , then aidAi + • • ■ + a2ndX2n vanishes in the cotangent 
space 

{Tln*XpsL2iC)iP') = {Tgn*X{H,r). 

By the duality theorem fThm. lLSj) . V' is contained in the image of /x* : T^gll — > 
2^(7ri,...,7ri)C^", ic. this map has rank at least n + 3. Since the dimension of 
XpLlic) (P^) -LOG X'^-'-iH, F) is n - 3, the lemma follows. □ 

Write V = fi{U) C C^". Let U be the blow-up of U at the submanifold 
X{H,r) n U and V the blow-up of V at the point (ttI, . . . , 7ri) g V. The 
respective exceptional divisors are denoted by Eu C f7 and Ey C V. 
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Lemma 5.4. The map ^ lifts to the blow-up, so that the following diagram 
commutes: 

{U,Eu) ^[V,Ev) 



([/, X{H, T) n U) {V, (^i, . . . , ^i) 

Proof. This is a consequence of Lemma [5751 (2), that applies no only to xo but 
to a neighborhood of it in X{H, F), because that condition to lift is that n^, is 
injective on the normal bundle. □ 

Lemma 5.5. The character xo is an isolated critical point in Xp5^2(C) (^'^) 
of the complex function Ai + • • ■ + A2„. In addition, for any choice of local 
coordinates, the determinant of the Hessian at xo does not vanish. 

Proof. By Kerckhoff's proof of Nielsen conjecture [23^, it is an isolated critical 
point when restricted to the Teichmiiller space of P^ (after taking a finite cov- 
ering that is a manifold). As explained in |23) . the second derivative is nonzero 
in all directions tangent to earthquake deformations, by using the estimates of 
Wolpert [35] on the second derivative of twist deformations (See Appendix El) ■ 
By [231 Thm 3.5], every tangent direction in Teichmiiller space is tangent to an 
earthquake. Hence the restriction of Ai + • • • + \2n to the Teichmiiller space 
has a nondegenrate critical point at xa (i^- its Hessian is positive definite). By 
complexifying, it follows that it is an isolated critical point on quasifuchsian 
space. □ 

By using the duality theorem (Thm. HTS)) . and since xvi minimizes the perime- 
ter of P^, we can make the following definition: 



Definition 5.6. We denote by vq e T^j^X{H, T) a vector that satisfies 

( 1 fn 

dfJ,i{vo) = 

Elements of Ejj are directions of vectors v normal to X{H,r), denoted by 



1, fori = l,...,2n, 

0, for i = 2n + 1, . . . , 3n. 



Proposition 5.7. The map jl restricts to a biholomorphism between a neigh- 
borhood of (vq) in U and a neighborhood of ((1, . . . , 1)) in V . 

Proof. We prove first that fi is injective in a neighborhood of (vq) in the ex- 
ceptional divisors Ejj. By Lemma 15.51 the determinant of the Hessian of 
Ai + • • • + X2n ■ X{H,T) n U — > C at Xo does not vanish. Hence by the 
implicit function theorem, for any (ai,...,a2„) € C^" in a neighborhood of 
(1, . . . , 1), there exists a unique x G ^{H, T) OU such that x is a critical point 
of aidXi -|- • • • -I- a2ndX2n. In particular, by Theorem 14.51 there exists a unique 
X S X{H,r) n U such that its tangent space contains a vector v € T^U with 
/i*(w) = (fli, . . . , a2n)- Moreover, this v is unique in the normal bundle, by 
Lemma 15.31 (2). This proves that fi is injective in a neighborhood in the excep- 
tional divisor Ejj. By holomorphicity, this implies that /i is a biholomorphism 
between the neighborhoods in Ejj and Ey. By construction is injective in 
the normal direction to Ejj {{prjj)* is injective in the normal direction), hence 
the inverse function theorem applies. □ 
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Corollary 5.8. There exists an algebraic C-curve C C X(H;T) containing 
Xn 7 such that /i|c is a biholomorphism between a neighborhood of xn o,nd a 
neighborhood of the diagonal /ii = • • • = /i2n- 

Remark 5.9. In this way we already obtain a path of representations analogue 
to Provosition \2. 1[ just by considering the path /ii = • • • = /i2n = i{ii—t). Lifting 
it to a deformation of representations pt, and since ptiji) G R, the deformation 
satisfies, up to conjugation 

PtM=±[ e-'-'W/^j- 

Remark 5.10. Replacing t by —t in the previous choice changes the sign of the 
trace. This corresponds to changing the orientation because when we take the 
complex conjugate, the sign of the trace of pt{ji) in Equation ^ is changed, 
but also the sign of 

fe''^/^ \ 
Po(7.) = ± e-'^/^ ) ' 

hence the sign in the relation tr(pt{'yi)) — ±2 cos{ai{t) /2) . 

6 Constructing a curve of representations of M 

The goal of this section is to prove the following proposition, which implies 
Proposition 12. II We will use the previous section and a deformation argument. 

Proposition 6.1. There exists an algebraic curve of representations of M = 
0\M(T.o) containing xo, so that all meridians can be deformed by decreasing 
their rotation angle, and the cone angle is the same for each meridian. 

Proof. The case where all singular fibers are contained in T,q is discussed in the 
previous section. To simplify, we assume that is a link (ie. E^'^''* = 0), so 
that we deform the angle of all singular /-fibers. In the general case we should 
only deform some of the /-fibers. 

For > 1, let denote the orbifold obtained by adding a label N to 
all singular fibers. Thus is an orbifold that satisfies Assumption 15.11 The 
hyperbolic structure on the basis is modified, and the angles of are divided 
by N, obtaining a new hyperbolic structure. The new orbifold is denoted by 
P^ and the character of the hyperbolic structure that minimizes the perimeter 
is denoted by xat. 

Set H — \ ^ofj- Recall that T = {72n+i, • • ■ , 73ri} C tti{H) denotes 
the set of vertical meridians, ie. meridians of the singular components of On 
corresponding to singular /-fibers, and T\T ~ {71, . . .72n} C tti{H) denote the 
set of horizontal ones. 

The character xn satisfies XN{li) ~ for i = 1, . . . , 2n. The characters of 
the curve of Corollary 15.81 with all cone angles equal satisfy xili) = ^xilj)^ 
and the sign depends on the lift of the holonomy of P^ to SL2{C). Namely, a 
rotation of angle tt that fixes the oriented axis in the upper half space model for 

that goes from to 00 is 
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Thus decreasing the angle tt affects differently the sign of the trace: since we 
work with half angle, it depends on whether we start with 7r/2 or 37r/2. In what 
follows, we will assume that for infinitely many iV, xili) = x(7j)j is- we are 
able to make the same choice of lift for for infinitely many N. Otherwise, some 
equalities xili) = xilj) have to be replaced by xili) — ~x{lj)- 

Let and Sc denote the respective R and C-Zariski closures in X{H) of 
the union of curves provided by Corollary 15.81 Using the results of Section [HI 
they correspond to hyperbolic cone manifolds, and rigidity results apply. By 
local rigidity of hyperbolic cone manifolds, is a C-irreducible component of 
the set defined by the equations: 

f X{l2n+i) = X(72n+j) for 1, j = 1, . . .71, (ic. 72«+j,72«+i G T); 

1 Xil-i) = X{lj) for «,i = 1, ■ • ■ 2n. 

Using this local rigidity, Sc is a surface, because x(72n+i) is one of the parame- 
ters, and x(7i) is the second parameter. Taking real values for these parameters, 
we obtain the real surface S-r.- 

Set the orbifold P' = P^\vertices{P^). The real surface Sr intersects X{P') 
in infinitely many points (infinitely many odd N), hence there is a component 
of S'RnX(P') that is a real curve and contains all the characters corresponding 
to xn, for infinitely many N . We shall show in CoroUarv 16.41 that S-r. H X{P') 
contains xo- 

If gi, . . . , (7„ denote the indices of the singular /-fibers, then the angles of the 
vertices of P^ are vr/gi, . . . ,7r/(7„, so that the angles of the vertices of are 
V(iV(Zi),...,7r/(7Vg„). 

For < t < 1, let 7t denote the TeichmiiUer space of polygons with given 
angles t-^, . . . ,t-^, and QTt, the quasifuchsian space of polygons with those 
angles, which is locally the complexification of Tt- 

Lemma 6.2. On every Tt there exists a unique minimizer of the perimeter. In 
addition, the perimeter has a non degenerate critical point of QTt ■ 

Lemma 16.21 is the analogue of Lemma 15.51 and a consequence of the earth- 
quake theory and the results of Kerckhoff and Wolpert in this setting. This will 
be explained and proved in Appendix \K[ CoroUarv I A. 51 

Lemma 6.3. For Q < t < 1, 5r H QTt is contained in the critical set of 
Ai + • • • + A2,i restricted to QTt- 

Proof. Let x' e 5r n QTf Set P' ^ P"^ \ vertices{P'^). Since S'r is an 
irreducible surface, 5r n X{P') is a curve and therefore there exist a curve 
that deforms x' in S-r, away from X{P'). We lift this curve from the variety of 
characters to the variety of representations. We obtain in this way an analytic 
path of representations p'^ in C, with p'q = p' a representation whose character 
is Xp' = x' ■ Let / > be maximal such that the power expansion 

P'sh) - (1 + •'*«i(7) + ■ • • + s'ai{-f) + s'+^ai+i{j) + ■■■ )p'{-/), V7 G 

is a representation in S'L2(C[s]/(s'+^)) that factors through 7ri(P'), but as a 
representation in 5i2(C[s]/(s'+^)) does not factor through tti{P'). 
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Namely, up to conjugation we may assume that a.i ■.tti{H) — >■ M2(C) factors 
through 7ri(P'), for i = 1, . . . , but a;+i does not factor. Smce the variety of 
representations of P' is smooth, there exists h : tti{H) — > M2{C) such that 

7 (1 + sai(7) + • • • + s'a/(7) + s^+^b{j))p' {j) 

is a representation of in 5i2(C[s]/(s'+^)). The compatibility relations to 
be a representation imply that 

ai+i - b 

is a group cocycle of tti{H) taking values in the Lie algebra s[2(C). In ad- 
dition by maximality of /, a;_|_i — 6 is nontrivial on horizontal meridians, and 
by construction it is tangent to all meridians being equal. Hence we obtain a 
cohomology element vq = [ai+i —b]^ H^{H; Adp') that satisfies 

dfJ.i{vQ) = 1, for i — 1, . . . , 2n. 

Considering deformations of P' = P^\ vertices{P), there exist a tangent vector 
vi G H^{H; Adp') such that dp,j{vi) = 0, j = l,...,2n, (because it is ob- 
tained from deformations of P') and dp,2n+j{vi) — dp2n+j{yo), j = ^, ■ ■ ■ ,n (by 
perturbing the angles) . Thus v = vo — vi satisfies 



dpj{v) 



1, for j = l,...,2n; 

0, for j = 2n + 1, . . . , 3n. 



Then we apply Theorem l4.51 and the lemma follows from the local isomorphism 
between X{H,T) and X{P',T), by combining Lemmas 13.31 and 13.41 □ 

Corollary 6.4. The curve S'r n X(P') contains xo- 



Proof. By Corollarv l5.81 for infinitely many natural N, the Kerckhoff minimizer 
of Lemma ini21 Ti/n & Ti/n, is contained in Sr n X{P'). Thus there is an 
irreducible R-curve V C S-RnX{P') that contains infinitely many Ti/^r. Define 

l = {te (0, 1] I n e V}, 

where Tt denotes the Kerckhoff minimizer of Lemma 16.21 We claim that 1 G /. 
We use a connectedness argument. Since 1/N G / for infinitely many N ^ I 
The set of Kerckhoff minimizers Tt is closed in UfTt, and so it is in 2?. Hence / 
is closed. For openness, we have: 

1. The set 2?nlJjg(-Q -^-^ QTi is open in 2?, in particular it is locally an algebraic 
curve. This follows from the fact that the quasifuchsian space is an open 
subset of the variety of characters (and using the corresponding restrictions 
on the cone angles). 

2. By Sullivan's theorem [3D], the Euler characteristic of the link of any point 
in V (hence in I? n lJte(o i) even. 

3. For every t G (0, 1] one of the components of the intersection 5r n QTi is 
an isolated point, precisely equal to tj, by Lemmas 16.21 and 16.31 

These three facts imply that T) n QTt' 7^ for t' in a neighborhood of 
t G (0,1). By Lemma 16. 3[ this intersection must be precisely equal to the 
minimizer Tf/. □ 
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Consider £ an irreducible component of 

{TraceT,^,,^, = 2} n S'c 

that contains xo = Xpo- Since the intersection is nonempty (it contains xo) a-nd 
it is not the whole S'c (the angles are not constant in 5c), it is a complex curve. 

Lemma 6.5. // p G R{H) is a representation close to po and Xp G ^, then 
p{l2n+i) is the identity matrix for all i — 1, . . . ,n. In particular it factors to a 
representation of M . 

Proof. The element 72n+i is the meridian of a singular /-fiber of Oat. Each 
endpoint of this edge meets the endpoints of two more branching edges of O^, 
with respective meridians <j and ^ in ■ki{H). They satisfy <i^2n+i = ^ and <; and ^ 
project both to the same element ai in ■ni{M) (using the notation of Section [3 
cf. Figure [5]). Since p is close to po and po(o'i) is a rotation of angle tt, we may 
assume that /9(<j) and p(<f) are both diagonal matrices with (equal) eigenvalues 
A±i ^ ±1. We write 

^(^)=(o \-) andp(72„+i)=(;! J), 

with ad - he = I, a + d = 2. Since Xp G -S'c, a\ + dA"^ = A + A^^ ^ ±2. 
Thus a = d = 1 and either & or c vanishes. This means that if p{'^2n+i) is not 
the identity but parabolic, then the fixed point of p{'^2n+i) has to be one of the 
endpoints of the axis of /o(<j). Let a'l be the meridian of the opposite edge in 
the tangle, so that the tangle group is the free group on ai and a'l. The axis 
of po(o'i) and po(o'i) form an angle, hence the endpoints of their axis are far, 
and the previous argument for a'^ instead of ai gives a contradiction with the 
hypothesis that p(72„+i) is not the identity. □ 

Claim 6.6. The trace of the meridian 71 is not constant along £ . 

Proof. By contradiction, assume that it is constant, then £ is contained in 
X{P'). Take a character x^ £ close to xo- Lemma [^31 implies that x induces 
a character of M and of O^, in particular it lies in X{P^). Since x G £ but S'c 
is not contained in X{P'), the argument in the proof of Lemma 16.31 implies that 
there is a tangent vector v € T^X{H) that satisfies dpi{v) = 1, for i < 2n. In 
addition, as in Lemma l6.31 the restriction of v to each 72^+1 can be made zero by 
adding infinitesimal deformations of P', hence v G T^X{M). By Theorem 14.51 
X is a critical point of the perimeter in 

X-'-(M,r') =LOC ^P5L,(C)((^') = ^P5L.(C)(^'), 

where F' C tti{M) is a collection of meridians for the singular components of 
O^. This contradicts the analogue of Lemma 15.51 that the Kerckhoff minimizer 
is an isolated critical point of the perimeter in Xp5^2(c) (-P^)- 

End of the proof of Proposition \ 6.1l By Lemma 16.51 £ gives a curve of repre- 
sentations of M. In addition, by Claim [^751 the trace of the meridian on this 
curve is nonconstant. A nonconstant complex map is open, thus by looking at 
the inverse image of points with real trace, we find the path of representations 
we are looking for. □ 
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Figure 3: Fibration with 4 vertices The pi / qi-taiigles around the /-singular 
fibers are inside the balls of the picture 

Remark 6.7. Once we have Provosition \9.l0\ below, the trace of the meridian 
on £ is a local diffeomorphism around xo ■ 

In fact, the trace of the meridian on £ cannot be a ramified covering, because 
this would contradict global rigidity of hyperbolic cone manifolds. Namely, 
we only can have one inverse image of the real line, that gives two branches, 
corresponding to the two complex conjugate representations, one with trace 
2cos(a) and the other one with trace — 2cos(q;). 

7 The fibration of the orbifold 

The orbifold is Seifert fibered over P^: 

gl _^ q3 p2 

We distinguish three kinds of points of P^ : interior points of the underlying 
space |P^|, interior points of the mirror edges, and vertices. Each interior point 
of P^ has a neighborhood U such that p~^{U) is a fibered solid torus. By 
hypothesis, there is at most one cone point in the interior. Such a point has a 
neighborhood U C P^, such that p^^{U) can have a singular core, a singular 
Seifert fibration, or both. By Remark II. 3 1 we may assume that there is no such 
interior cone point. Points in the boundary of \P^\ have a neighborhood with 
inverse image an orbifold with topological underlying space a ball, and with 
branching locus two unknotted arcs of order 2, possibly linked by a segment, 
giving a graph with //-shape. For points in the interior of the edges, the fibration 
is nonsingular, but for vertices, the fibre is either singular, or in the branching 
locus, or both. The singularity and the branching determine the angle, see [?]■ 
More precisely, there is a rational number p/q £ Q, p, Q G Z coprime, describing 
the singular fibration, and the angle at the vertex of P^ is 7r/(mg), cf. Figure |31 
where m > 1 is the branching index (not branched for to = 1). 

We orient the components of S^f"'. The fiber of the interior of each edge 
of P^ contains two subsegments of Sq.?"^, that project homeomorphically to the 
edge. The segments of 1]^°'' may induce the same or opposite orientations. 

Remark 7.1. The orientations induced by 'SqS^ can be chosen to be either 
compatible for every edge of P^ , or opposite for every edge. 
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It suffices to prove this remark when Sga is a hnk. Notice that when at 
least one of the indices qi of the /-singular fibers of the vertices is even, then 
the orientations of all pairs of edges are opposite. When all singular indices 
are odd and E^s is connected, then the orientations are compatible. Finally, 
when all singular indices are odd and Tiqs is not connected, then S^s has two 
components and the orientations can be chosen compatible or opposite. 

Set 

We choose elements and subgroups of the fundamental group of M according 
to the fibration. We fix a base point xq S M that projects to an interior point 
of P^. 

Let n denote the number of vertices of . The vertices of P^ are denoted by 
wi, . . . , w„, and the edges, ei, . . . , e„, so that the endpoints of are Vi and t^i+i, 
with coefficients modulo n. We distinguish the following elements of 7ri(M, ccq): 

• Let / e 7ri(M, xq) be an element represented by the fiber through xq. In 
particular / projects to the center of an index two subgroup of ■ki{0'^). 

• For each edge of P^, let and denote still the components of the 
singular locus of that project to it. We choose meridians and ra[ 
by joining xq to and e[ along a path that projects to an interior path 
of P^, and then turn around the respective axis, so that and m[ differ 
only in a neighborhood of the /-fiber. We orient rrii and m[ accordingly 
to the orientation of the edges. Thus, when the orientations of the edges 
are compatible, we require that 

■niim'^ = /, 
(Figure!?]). When they are opposite, 

■m^{m'i)^^ = f. 

• For each vertex Vi of P^ we choose Vi a neighborhood of the corresponding 
singular /-fiber and we call nilVt \ (So ri Vi)) the i-th tangle group. We 
distinguish two cases. 

If the singular /-fiber is not in the branching locus of the orbifold, then the 
tangle group is the free group on two meridians Ci, cr- £ ni{M). We choose 
a point in the middle of the singular fiber, and from there we consider both 
loops (Figure 13]). 

When the singular /-fiber is in the branching locus of the orbifold, the 
tangle group is isomorphic to the fundamental group of a sphere with 4 
punctures. We choose generators ^[ G i^iiVi \ (E© n Vi)) such that 

qCj"^ = (<;j')^^?i is a meridian for the singular /-fiber. We choose the loops 
similarly (Figure [5]) . 

For a singular /-fiber, the product aia[ (q^^' when the fiber is in the branching 
locus) projects in iti{0'^) to a root of f^^, but not in ■ki{M). On the other hand, 
if Ci and e^+i are the edges adjacent to the i-th vertex, then 

mi,m'j,mi+i,m-+i G TTi{Vi \ (Eq n Vi)). 
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Figure 4: The loops for the meridians around regular /-fibers {i-th edge) ) 




Figure 5: The loops for the meridians around the i-th tangle. When the singular 
/-fiber is smooth in O (on the left) and when it is in the branching locus (on 
the right) 



For an elliptic element a G Isom^(H'^), let A(a) C H"^ denote its fixed point 
set (or its axis). 

When the /-fiber is not in the branching locus, the angle between the axis 
of po(o'i) and po{al) is 

Z(A(po(a,)),A(po(aO)) = Jtt (5) 

with PijQi € Z coprime, < Pi < qi- This rational number Pi/qi describes the 
singularity of the fiber, that has order q^. The angle of at the corresponding 
vertex is n/qi. 

When the /-fiber is in the branching locus, the angle between the axis of 
Po(q) and po(c-) is 

Z(A(po(ft)),A(po«))) = |^^?i (6) 

^qi 

with Pi,qi e Z coprime, < pi < qi as above and 1?^ = 27r/mj is the orbifold 

angle, where TOj > 2 is the order of the branching. However, in what follows 
we may also consider any < -di < 2tt. The angle of at the corresponding 
vertex is p^. 

Definition 7.2. The euclidean model is the metric orbifold 

E{p,/q{) = B?/D^, 

where D^o is the infinite dihedral group generated by two rotations of order 2, 
whose axis are at distance one and have an angle (after parallel transport) equal 
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Definition 7.3. The singular euclidean model is the cone manifold 

where R^('!?i) = R^(i?i) x R and R^(i9i) is the Euclidean plane with a singular 
point of angle Q < "di < 27r. Here D^o is generated by two rotations of order 
2, with axis at distance one perpendicular to the singular axis of ti^{'di), and 
forming an angle (after parallel transport) equal to J^^i- 

Remark 7.4. The orbifold E(pi/qi) and the cone manifold E(pi/ qi,di) have a 
natural fibration, that gives precisely the fibration of a neighborhood of the i-th 
singular vertex. This is the fibration by parallel lines of , in the direction of 
the translation vector of the index two subgroup Z < Doo • 

An alternative way of describing E{pi/qi) is by considering fundamental 
domains, cf. Figure H) Consider a region of R'^ bounded by two parallel planes 
at distance one. On each plane, there is a rotation axis, one for each generator, 
and E{pi/qi) is obtained from identifying half of each face with the other half 
after folding. For E(pi/qi,'di), a similar fundamental domain is constructed in 
R3(i?,) = R2(l9i) X R. 

The fibers come from the vertical segments (say the planes are horizontal), 
the singular /-fiber is the minimizing segment between the rotation axis. It is 
its soul, in the Cheeger-GromoU sense. 

Definition 7.5. A sequence of pointed metric spaces (X„,a;„) converges to 
{Xoo,Xoa) for the pointed bi-Lipschitz topology if, Vi? > and e > 0, there 
exists uq such that, forn > hq, B{xoo, -R) is {l+e)-hi-Lipschitz to a neighborhood 
U C Xn that satisfies B{xn, R — s) C U C B{xn, R + s). 

When constructing the developing maps in Section [SI we will use the follow- 
ing lemma for the transition between singular and regular /-fibers: 

Lemma 7.6. Let Xn be a sequence of points in the singular locus of E[pi/qi). If 
Xn OO, then {E{pi/qi), Xn) converges to another euclidean model with parallel 
singular axis, for the pointed bi-Lipschitz topology. In addition, the distance 
between the axis is qi , the order of the singular fiber. 

The same statement holds true for the cone manifold Eijpi/ qi, di) and points 
in the horizontal singular locus. 

Proof. We prove it for E{pi/qi), the proof for E{pi/qi,'di) being similar. The 
lift of the branching locus of E{pi/qi) to the universal covering (isometric to 
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R'^) is a countable family of lines, all of them perpendicular to a given axis 
that minimize the distance between any pair of the lines. From each line, we 
obtain the next one by a screw motion. This screw motion has axis the line 
perpendicular to all the lifts, translation length one and rotation angle ^tt. 
In this way, if Xn goes to infinity along one of the lines, the closest singular 
component will be parallel and at distance g^. Then the convergence follows 
easily. □ 



8 The Killing vector field 

In this section we prove a result about Killing vector fields that will be used in 
the construction of developing maps. 

Consider \ 'Sp2 the smooth part of P^. Via the developing map of the 
transversely hyperbolic foliation, the closure 

V = Do{P^\^P2) 

is a polygon in C H"^. Let mi^m^ G tti{M,xo) be as in Section [71 for 
i = l,...,n. Let and rh[ be the corresponding paths lifted to the uni- 
versal covering. We may assume that the path Do{'rhi) starts at the base 
point Do{xo) in the interior, crosses the boundary of V, and follows along 
Po{n^i)i'P) = Do{miP) until po{mi){Do{xQ)), and similarly for mj, aj and <7j. 
Recall that / = mi(mj)^^, where the sign of the power {m'^)^^ depends on the 
compatibility of orientations at a given axis. 

By analyticity, if pt{f) is nontrivial, then there is a natural way to associate 
a Killing vector field F to the deformation of pt{f)- Namely, as po(/) = ±Id, 

Pt(/) = ±exp(t^f + 0(i^+i)) 

for some f S 0(2 (C). The Killing vector field F associated to the infinitesimal 
isometry f is then 

The incenter of a polygon is the point whose distance to every edge of the 
polygon is the same, if it exists. 

The goal of this section is to prove the following: 

Proposition 8.1. The polygon V has an incenter and the Killing vector field 
F is a field of infinitesimal purely loxodromic translations along an axis that 
meets perpendicularly V in its incenter. In particular F is perpendicular to V . 
In addition, it has the same orientation as the fiber of the Seifert fibration of 
restricted to the interior of V . 

Notice that the interior of V is orientable because the mirror points are in 
dV, thus it makes sense to talk about the induced orientation of the fiber in 
and of the Killing field on H^. 

Before proving the proposition, we need to show that ptif) is nontrivial. 

For a representation pt, a pseudodeveloping map is a pt-equivariant map 
Dt: M ^ H^, such that around the singular locus it is like the developing map 
around a cone singularity (ie. conical in a tubular neighborhood). This Dt can 
be used to define a volume of pt [13j . 



25 



Lemma 8.2. For pt satisfying Provosition \2. 11 there exists a uniform constant 
C > such that, for t > close to 0: 



vo\{pt) > ce. 



Proof. Schlafli's formula applied to cone manifolds [37] gives: 



Vo1(pO 




length(e)c?ae, 



where the sum runs over all singular edges or components. In our case, as the 
length is bounded below, and the cone angles are tt — f + 0{V^^)^ the lemma 



Lemma 8.3. For small t > 0, Pt{f) is nontrivial. 

Proof. Seeking a contradiction, assume that pt{f) is trivial. Then, pt{m[) = 



We first claim that for small values of i > 0, of the i-th tangle group is 
elliptic, ie. for a tubular neighborhood Vi of the i-th /-fiber, pt{'Ki{Vi\{Vir\Y,o))) 
is elliptic. We assume first that the singular /-fiber is not in the branching locus 
of the orbifold. Again by contradiction, assume that the axis of pt{(^i) and pt{(j'i) 
are disjoint. Then there is a minimizing segment between the axis of pt{i^i) and 
Pti'y'i), because the axis of po{cri) and Poicl) meet at one point with angle ^. 
By rescaling the hyperbolic space in such a way that the length of this segment 
is one, and by taking the pointed limit with base point the midpoint of this 
segment, we look at the limits of the axis A{pt{ai)) and A(pt((T^)) after rescaling: 
we obtain two euclidean lines at distance one and forming an angle, as in the 
euclidean model of Definition 17.21 In this model, the axis of the and are 
parallel but different, by Lemma FTBl This contradicts that pt(m-) = pt{mi)^^, 
and hence A{pt{ai)) and A{pt{al)) meet at one point. When the singular /-fiber 
is in the branching locus of the orbifold, then a similar argument tells that the 
segment between A(/0((q)) n A(pt(Ci)) and A(pt(^-)) n A(pt(^|)) has length zero. 

Construct a pseudodeveloping map Dt : M ^ as follows. Start by 
mapping a tubular neighborhood of the singularity to a tubular neighborhood 
of the axis of the corresponding elements via pt- Now, since pt of the edge groups 
is elliptic, the singular /-fiber can be mapped to a neighborhood of this point. 
Similarly, as A{pt{mi)) = A{pt{m'^)), the regular /-fibers can be mapped to a 
(^-neighborhood of the axis, for 5 > Q arbitrarily small. The boundary of the 
neighborhood of the /-fibers is a torus, and since pt{f) is trivial, this torus can 
be deformed p(-equivariantly to a circle, in a neighborhood of radius 25. Extend 
Dt by collapsing the rest of the manifold to a disk. Thus p{t) has arbitrary small 
volume, by choosing the <5 > small enough, contradicting Lemma 15^ □ 

Recall that the Killing vector field F is the corresponding field of the infinites- 
imal isometry f G shiC), where ptif) = ± exp(t''f + 0(t''+i)). By Lemma [Q 
f 7^ and s is well defined. 

Lemma 8.4. If pt{f) = exp(t''f + 0(i'*+^)), andr E N is as in Provosition \2.1[ 



is straightforward. 



□ 



Pt{mi) 



±1 



then 



s < r. 
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Proof. By Lemma [8.21 Yo\{pt) > CV for some uniform constant C > 0. 

On the other hand, the displacement function of pt{f) in a compact neigh- 
borhood U oi V \s < Cot^. In particular, the Hausdorff distance between 
A{pt{m,)) n U and Aiptim'^)) DU is < Cit' . 

We want to construct a pseudodeveloping map with volume < C't''. We 
start by constructing a developing map around the singular locus, by taking a 
small radius of the tube, with arbitrarily small volume, say < Moreover as 
the Hausdorff distance between A{pt{mi)) n U and A(pt(m9) U is < Cit*, 
we can develop a solid torus that is a neighborhood of the /-fibers with volume 
< 02^^, and so that the length of the fiber is < 3Cii^. The exterior of this torus 
in is a solid torus without singularity V, and since the displacement function 
of pt{f) in [/ is < Cot^, the pseudodeveloping map can be extended to V with 
a volume contribution < C^f^ . Thus, the volume of the pseudodeveloping map, 
and of pt, is < C't^ . Comparing both inequalities for the volume: 

Cf < Vo\{pt) < C't', 

for small values of t > 0. Thus s < r. □ 

Before proving Proposition 18. II we still need a further computation. Let 

B : sl2(C) X sl2(C) ^ C 

denote the complex Killing form, see Appendix IB] For o, b G sl2(C), 

S(a, fa) = Trace(Adc o Ad^) = 4Trace(afa). 

Definition 8.5. We say that an infinitesimal isometry a £ s[2(C) has complex 
length I G C i/exp(ta) has complex length tl. 

Lemma 8.6. Let di G s[2(C) denote infinitesimal rotation of complex length ni 
around the i-the oriented axis ofV. Then 

In particular B{di,f) is independent of i. 

We will show later in Lemma [8.81 that only the case i3(0i,f) — 4 occurs, in 
particular s — r. 

Proof. We can find At, AJ G 5^2 (C) that depend analytically on t^/"^, t G (0,£) 
so that Aq = Aq = Id, 

A{pt{mi)) = At(A(poK))) and A{pt{m[)) = A;(A(poK))). 

Those matrices At and A't are obtained by solving the characteristic polynomials 
for pt{nii) and pt{m,[), hence they are analytic on i^/^. 

Assume that the axis of poimi) is Ooo in the upper half space model of H'^. 
If the orientations of rrii and are compatible, then. 

r ^ ,A /e*°'/2 \ . i , ,A^/^e*"»/2 
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Notice that since po(/) = ±Id, if pt{f) = ± exp(i"f + 0(t*+i)), then 

ArVt(/)At=±exp(t^f + 0(^^+1)), 
hence we may assume At — Id (after replacing AJ by A^^A'^). Let 

with a, &, c e C, 1/ € ^N. Since ai{t) = tt - f + 0(r+i) and Q!^(t) = tt - T + 

o(r+i), 

When nii and have opposite orientation, then 

and since / = mi(m^)^^, ([7]) also holds true. 

Let di be the infinitesimal rotation around the oriented axis of po{mi) of 
complex length 7ri. In this model: 



0,: = 



i/2 

-i/2 



From ([7]) we distinguish two cases: 
1) If < r, then s ~ v < r and 



fH_l (s) 



2) If > r, then s = r and 



This includes the case v > with 6 = c = 0. 
Then the formula follows from f) = 4 Trace(B(t)if)). □ 

Remark 8.7. /i follows from the proof of Lemma \8. 61 i/iai f/ie Killing vector 
field F is perpendicular to the axis A(po(mi)). This holds from Equalities ^ 
and (0), because in both cases the real part of the diagonal of f vanishes, and 
the axis is A(po(™i)) — Ooo. 

Lemma 8.8. r = s. 

Proof. Assume that s < r, hence B{f,di) = for each i = 1, . . . ,n. Using the 
formulas of Appendix [B] we shall find a contradiction. When f is non parabolic, 
let A(f) C H'^ denote the axis of f, which is the minimizing set for the norm 
of the Killing vector field If / is non parabolic, then by Proposition IB. II 
the complex distance between A(f) and A{di) is ±f i, hence A(f) must meet 
perpendicularly all edges of V, which is impossible. So we assume that f is 
parabolic. In this case. Proposition IB. 31 tells that the point at oo fixed by f is 
an endpoint of all (infinite) edges of 7^, which is again impossible. □ 
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Proof of ProvositioTi \8.1[ By Lemmas 18.81 and 18.61 r — s and i?(f, 0^) — 4 for 
each i — 1, . . . , n. We discuss again the possibihties for f. If f was parabohc, 
then Corollary IB . 5 1 would tell that all (infinite) edges of V are tangent to a given 
horosphere, and that their tangent vectors are parallel in this horosphere, which 
is again impossible. Hence we are left with the case that f is nonparabolic and 
has an axis whose complex distance to all oriented edges of V is the same (by 
Proposition IB.1|) . 

Notice that by Remark 18.71 the Killing vector field F is perpendicular to 
every edge of V . Hence, at the vertices of V, F is perpendicular to the plane 
containing 7-", and since it is a Killing vector field, F is perpendicular to V. Thus 
f is either an infinitesimal rotation with axis coplanar to V or an infinitesimal 
translation with axis perpendicular to V . If f is an infinitesimal rotation then 
by Remark IB. 2! (Equation [T51) the complex distance between A(f) and every 
oriented axis oiV is the same, but this is impossible in a coplanar configuration. 
Thus f is an infinitesimal translation, and its axis meets V perpendicularly and 
is equidistant to all edges of V . 

Finally, the assertion about orientations follows from the next lemma. □ 

Lemma 8.9. // the cone angles decrease, then the orientation of the Killing 
vector field F is the same as the orientation of the fiber in . If they increase, 
then it is the opposite orientation. 

Proof. By Lemma the volume of the representation is positive, Vol(pt) > 
for t > Q. On the other hand, if the orientation of the Killing vector field was 
the wrong one, we would be able to construct a pseudodeveloping map with 
negative volume, following the strategy of Lemma 18.31 □ 

Corollary 8.10. Fort G (0,e), Pt{f) is loxodromic (ie. not elliptic nor parabolic) . 

Proof. Assume first that po{f) — Id. Since f is hyperbolic, then the first nonzero 
derivative of the trace of pt{f) is real positive, in particular for small values of 
i > it is not contained in [—2,2]. A similar argument applies when pa{f) — 
-Id. □ 



9 Constructing developing maps 

Along this section, assume that pt, t € [0,e), is a path of representations that 
satisfies the conclusion of Proposition 12.11 The goal is to construct developing 
maps with holonomy pt. 

We construct the developing maps in three steps. Firstly, in a neighborhood 
of the vertices of P^, that correspond to tangles of the orbifold, or singular 
interval fibers. Secondly, on the edges, and finally on the interior. 

We start with the vertices of P^, ie. the tangles of O^. 

We assume for the moment that the /-fiber of the i-th vertex is not in the 
branching locus of the orbifold. (See Remark 19.51 when it is in the branching lo- 
cus of the orbifold). Let and in 7ri(Af ) denote the meridians corresponding 
to the i-th tangle, as in Section [7] (Figure S]) . 

Lemma 9.1. For t > 0, 

dist{A{pt{a,)),A{pt{al))>0. 
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Figure 7: The double roof. The tubular neighborhood here is TZi{t) 



Moreover, there is a shortest segment i'i{t) between both axis that converges to 
the i-th vertex of the polygon as t — !■ 0^. 

Proof. By contradiction, assume that dist(A(pt(cri)), A(pt(cr^))) = for small 
values of t > 0. Since Z{A{po{ai)), A{po{a-'^)) = Trpi/qi, {pt{(Ji), pt{(j[)) is an 
elliptic group that fixes a point close to the initial vertex in H'^. In particular, 
since mi,m[ e {ai,a'^), Pt{f^^) — Pti^nt) pt{m'^)^^ is either trivial or elliptic, 
which contradicts Corollarv lS.lOl 

The existence of the shortest segment i'i{t) comes from the fact that A(/9o(o'i)) 
and A(/9o(o'9) meet at one point with angle tt^, so the distance function be- 
tween both axis is a proper convex function on A(po(fi)) x A(pQ{al)) and has 
a minimum. Therefore, for small t > it is also a proper convex function on 
A{pt{a-i)) X A(pt(tT^)) and has a minimum. □ 

The idea now is to construct a double roof TZi{t) around Ui{t) as follows. 
Consider an embedding of both axis A{pt{ai)) and A{pt{a[)) and the common 
perpendicular iyi{t) in H^. Now consider two sectors, one with axis A{pt{(Ti)) 
and angle ai{t), another one with axis A(pt(cr^)) and angle a-(t). (Here ai{t) 
and a^{t) are the respective rotation angles of pt{<Ji) and pt{(T[)). Choose the 
sectors so that Vi{t) is bisector to both of them, and consider the intersection 
(Figure [T]). 

The boundary of these sectors may intersect. Let ri{t) > be the maxi- 
mal radius such that the tubular neighborhood J\fr.(t)i'^i{'t)) does not meet the 
intersection of the sides of the sectors. We denote Tli{t) = J^ri{t)/2{'^i{t)) the 
tubular neighborhood of Viit) in this double roof. Notice that possibly ri{t) 
as i 0+, but: 

Lemma 9.2. 



lim , , , 

Proof. We cut the double roof along the hyperplane perpendicular to (t) that 
contains its midpoint, and consider each roof separately. We bound below the 
distance from Uiit) to the intersection of each piece of the roof to this hyperplane, 
and it suffices to discuss the argument for one of the edges, say Ci. Let ai{t) 
denote the cone angle, which is the angle of the roof. By comparison with the 
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Figure 8: The hyperbolic triangle approximated by a euclidean one 

euclidean right triangle (Figure [H]): 

> tan „ ^ oo asi^O^, 



h(t)\/2 

because ai{0) = tt. □ 

Let Xi{t) denote the midpoint of i'i(t). Let TZi{t) be the result of identifying 
the sides of each roof of TZi{t) by a rotation around its edge, so that the edges 
become interior points. 

From Lemma \9l2\ we get: 



Corollary 9.3. For the pointed bi-Lipschitz topology: 
t^o+ Wi{t)\ 

Next corollary deals with points of TZi{t) away from the center. 

Corollary 9.4. There exist Rq > and to > such that for < t < to and 
X G TZi{t) that it is singular and Ro\i'i{t)\ < d{x,Xi{t)) < ^ri{t), the following 
hold. Let S{x) be the distance between x and the other singular component. Then 
the resettled ball 

-l-B{x,m{x)) 

5{x) 

is 3/2-bi-Lipschitz to the corresponding ball in E{0). 



Proof. By Corollary 19. 3[ it is sufficient to prove it for the euclidean models 
E{pi/qi). Then the corollary follows from Lemma 17751 □ 

Remark 9.5. When the I-flber of the i-th vertex is in the branching locus of the 
orbifold, then one needs to consider the double roofs TZi (t) and the corresponding 
neighborhoods TZi{t) with a singular core Vi{t) of cone angle Lemma \9.'2\ and 
Corollaries \9.S\ and\9.4\ apply in this case. 



Next we deal with the edges of P^. We shall construct locally the hy- 
perbolic structures in pieces S{q) and study its behavior and compatibility in 
Corollary 19. 81 and Lemma [9.91 Before that, we need few technical results about 
the edges K{pt{mi)) and K{pt{m'j)). 

To simplify notation, set i = 1. The endpoints of the segment ei of at 
time t = are vi and V2. But for t > 0, we consider two segments ei{t) and 
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e[{t) 



9 ei(t) Pi{t) 

Figure 9: 

e'i{t) that are contained in A(pt(mi)) and A{pt{m'i)), respectively, and whose 
endpoints are given by the cr's or ^^'s: ie. the endpoints of the corresponding 
conjugates of vi{t) and 1^2(0- 

Let pi{t) and P2{t) denote the endpoints of ei(i). For q € ei{t), let q' e 
A{pt{m[)) be the point that realizes the distance between q and A{pt{m[)) (cf. 
Fig. [9]). Define, for q S ei: 

<5t(g)=d(g,g')=t^('7,A(pt(m;))). 

Lemma 9.6. Let q G ei(i) and q' G A(pt(TO']^)) fee as above. 

1. The distance 6t{q) = d{q,q') converges to zero uniformly on q ^ ei{t): 

lim sup 5t[q) = 

t^O+,gei(t) 

2. Let Vq,t G Tqli^ be the parallel transport of the tangent vector to e[(t) 
along the segment q'q. Then 

lim sup Zqei(t)vq t = 

*^0+5gei(t) 

3. Let Rq > be as in Corollary \9.4\ There exists to > such that, for 
< t < to, q e ei{t) satisfies d{q,pi{t)) > Ro\iyi{t)\ and d{q,p2{t)) > 
Rq 1 1^2(^)1, then: 

q'ee[it). 

Proof. By convexity of the distance function in hyperbolic space, we have, for 
q e ei{t): 

6tiq) < ma^{St{piit)),dtip2m, (10) 

because pi{t) and P2{t) are the endpoints of ei(t). This proves Assertion 1 of 
the lemma. 

In order to prove Assertion 3, if d{q,pi{t)) — Rq \i^i{t)\ or if d{q,p2{t)) = 
Rq 1^2(01; then the assertion holds true for these q, because of Corollarv l9.4l As 
those q are extremal, for other q the assertion follows from Equation (|10p and 
elementary arguments. 

Next we prove Assertion 2. Up to permuting pi with p2, we may assume that 
d{q,pi{t)) > i Id (0)1, where |ei(0)| denotes the length of ei(0). Let Pq{t) be 
the angle between Vq^t and ei{t). By the triangle inequality in spherical space, 
the angle Pq{t) satisfies: < I3q{t) < /3i + /32, where /3i is the angle between 
Vq^t and qp[, /32 is the angle between qp[ and qpi C ei{t) C A{pt{mi)), and 
p[ € A{pt{m[)) realizes d{pi,A{pt{m[))) = d{pi,p[), cf. Figure [TUl 
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Figure 10: Triangles in the proof of Assertion 2 of Lemma 

Let p" € A{pt{mi)) realize the distance from p[ to A(pj(mi)), so that q, p[ 
and p" form a triangle with angles /32 a,t q, and 7r/2 at p" . Then 

tanh d(p'^ , n") tanh d(p\ , p") 

tanfe = . , / < v/'i'-f' V 



sinhd(g,p") - sinh(i|ei(0)| - 

which converges to zero uniformly on q. Consider now the triangle 5, q' and p'^. 
By the same argument as before the angle of this triangle at p'l converges to 
zero. The angles of the triangle satisfy: 

(| - A) + I + /S3 - TT - Area((7(7Vi). 

In addition, the area of this triangle converges to zero uniformly on by As- 
sertion 1 of the lemma. Thus 

Pi= k + Area((7(7'p'^) — 0, uniformly on q. 

□ 

We define, for < t < to as in Assertion 3 of Lemma 

ei{t) = {qe eiit) \ d{q,pi{t)) > Ro Wi{t)\ and d{q,p2{t)) > Ra W2{t)\} ■ 

Using also Lemma 19.61 construct a double roof from the segment between q 
and q' , with edges determined by A(pt(mi)) and A(pt{m'i)), and with dihedral 
angles the respective rotation angles of pt{mi) and pt{mi), ai(t) and a'i{t), as 
before. Let S{q,t) — B{q, s{q,t)/2) be the ball in this double roof, with s{q,t) 
maximal such that the sides of the roof do not meet. As in Lemma [ 

Lemma 9.7. 



lim 



t-!-o+ d{q, q') 
uniformly on q £ ei{t). 

The proof of this limit is the same as Lemma 19.21 using the uniform limits 
of Lemma [^751 

Identifying the sides of S{q, t) by the rotations corresponding to its edges, 
we obtain S{q,t). From Lemmas 19.71 and 19.61 we get: 

Corollary 9.8. For any choice of q{t) G ei(t) and for the pointed bi-Lipschitz 
topology: 

lim = {EiO),q^), 

t^o+ dt(q) 

uniformly on q. 
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Recall that 5t{q) = d{q,q') = d{q, A{pt{m'^))). 

Lemma 9.9. Let r G S{q,t) belong to the same connected component of the 
singular locus as q. Let r' and q' be the corresponding closest points in the 
other components. Ifd{q,r) < 10St{q), then the angle between qq' and rr' after 
parallel transport (along any of both singular components) is < j(t), for some 
uniform j{t) — >■ 0. 

This lemma follows easily from the estimates of Lemma 19.61 and elementary 
trigonometric arguments. 

Proposition 9.10. Let pt be as in Provosition \2. 1\ There exists e > such that 
for t e (OjS) there exists Dt'.M ^ the developing map of a cone structure 
on (|0^|,E(33) with holonomy pt- In addition, when i — > 0, I?f converges to Dq, 
the developing map of the transverse hyperbolic foliation. 

Proof. Let < i < to ; where > is as in Assertion 3 of Lemma 19.61 The 
edge ei{t) is covered by balls B{q,2St{q)). Choose a finite covering of such 
balls, with centers q in ei{t). We claim that the model S{q,t) of each ball 
matches with the next one: this is a consequence of Lemma 19. 9[ because the 
segments between q and the opposite singular edge vary continuously with q, and 
they are almost parallel (the difference with the parallel transport is uniformly 
small in B{q,106t{q))). Notice also that the position of the singular edges is 
determined by the isometrics ptijrii) and pt{m'i). This gives a metric structure 
for a neighborhood of the edges. 

By Lemma |7.6[ when q G dei{t), then the S{q,t) match with the corre- 
sponding TZi{t). In this way we put a geometric structure on a solid torus that 
contains the singular locus, made of the union of 0-cells (the TZi{t) for the sin- 
gular vertices of the polygon) and 1-cells (the union of S{q, t) for the edges of 
the polygon). Let Dt be the corresponding developing map of this solid torus 
that contains the singular locus. 

Notice that the orientation is globally preserved, by Proposition 18.11 and 
because it depends on the displacement of Pt{f)- 

Recall that we assume that there is no singular fiber in the interior of the 
orbifold. Look at the 2-torus that bounds the previous tubular neighborhood of 
the singularity. Now the developing map of the universal covering of the 2-torus 
factors to a map from the 2-torus to the hyperbolic solid torus fP/pt{f), {pt{f) 
is hyperbolic by Corollary IS.lOp . By Proposition 18.11 this map is injective on 
the intersection of the 2-torus and each model S{q,t) and TZi{t). In addition, 
the models are either far apart or their intersection is well understood, by the 
previous discussion, hence it is an embedding of the torus. 

Since it is not contained in a ball, this 2-torus must bound a solid torus in 
a^/ptif), with meridian the curve that has trivial holonomy. This 2 torus is 
fibered over a curve that converges to the singular locus. Thus we extend Dt 
to the universal covering of the corresponding solid torus V in the smooth part 
of O^. The map Dt restricted to each compact subset of dV converges to dV, 
coherently with the fibration. Then we choose Dt so that restricted to compact 
subsets of V converges to the Dq. □ 
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10 Cone manifolds with geometry S'L2(R) and 
H2 X R 

Before explaining the proof of Theorem 11.21 we give a result about cone mani- 
folds with those fibered geometries, just for the statement of the theorem. 

As in the introduction, let be an orbifold fibering over a polygonal orbifold 
with mirror boundary and corners. We assume that has no cone point 
in the interior, to simplify. We will relax the hyperbolicity condition for the 
orbifold P^ by adding cone singularities at the /-fibers. Choose n /-fibers of O, 

{/ij ■ • • J /n} 

that include all singular /-fibers. Let gi,...,g„ e N denote their respective 
indices in the fibration. In particular qi = 1 if and only if fi is a regular fiber. 
Fix angles i^i, . . . , ??„ G (0, 2tt] so that 

for i — 1^ . . . ,n. We impose also the following condition 

n 
i=l 

this implies that the polygon Q with angles 'di/{2qi) is hyperbolic. 

Proposition 10.1. Given a hyperbolic structure on Q, there exists a cone man- 
ifold C{'k) with geometry 5'L2(R) or x R, with the same underlying space 
as , — Sq"*", Sp^^* C /]^ U • • • U fn, and respective vertical cone angles 

. . . , -dn, and fibered over Q. 

In addition, every cone manifold with geometry (R) or x R with 
vertical angles < 2'k and with space of fibers a polygon with angles < 7r/2 is 
obtained in this way. 

Since both geometries SL2{'R) and x R are fibered, for a cone manifold 
with this geometry there is a vertical and a horizontal singular locus, and the 
horizontal cone angle is always tt. 

In the statement, a fiber fi is in the singular locus of the cone manifold if 
and only if i)i < 2-k. 

Proof. If the angles are di = 27r/ni, then C{tt) is an orbifold and this is conse- 
quence of the geometrization of Seifert fibered orbifolds (see [5, Prop. 2.13]). 

For the general case, we decrease the t^i to some n/ui and we apply a de- 
formation argument. When the Euler number of the fibration is zero, then the 
geometry of the orbifold involved is x R, and the geometric structure on 
C{tt) is deformed by deforming the basis. Otherwise, the geometric structure is 

(R). Let be the orientation covering of O^, so that there is an orienta- 
tion reversing involution r : 0^ — >■ such that O^/t = and Fix(T) = E^"''. 
The orbifold O'^ is Seifert fibered, all leaves are circles and the space of leaves 
is Q, the sphere with n cone points that is union of Q and the mirror image of 
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Q along the boundary. The hyperbohc structure on the polygon Q induces a 
hyperbolic structure on the cone manifold Q. 

Let N = M{fi U ■ ■ ■ U fn) = F X , where F is a planar surface with 
n boundary components. We first describe the holonomy representation of N. 
Let oi, . . . , a„ € 7ri(-F) denote the peripheral elements so that 

TTi (F) = (ai , . . . , a„ I ai • • • a„ = 1) . 

Let / be the generator of 7ri(S'^). The meridian of fi is the curve f^'af , where 
Qi > 1 is the index of the singular fiber (regular when qi — 1). 

Recall that the identity component of the isometry group of SL2 (R) is 

sQr) xzR, 

where SL2 (R) acts on itself by left multiplication and R is the universal covering 
of SO{2), the stabilizer of a point acting on itself by right multiplication of its 

inverse. For a representation p in S'L2(R) x z R, we denote by pi the projection 
to PS 12(^1) and pr the projection to 50(2) = R/Z. Notice that pi{f ) = Id, 
because PSL2(R.) has no center. On the other hand, for p(/^'a^*) to be a 
rotation of angle working in R/27rZ, we must have 

PtPrif) + qtPr{ai) = iri'R/2TTZ, for i = 1, . . . , n. (11) 

Combining this with 

Pr(ai) H h Pr{an) = in R/27rZ, (12) 

it follows that Pr{f) and Pr{ai) are locally uniquely determined in R, because 
the Euler number does not vanish: 

^ + ... + ^^0. 

qi qn 

The reason is that this Euler number is the determinant of the matrix associated 
to the linear system pT|) and (|12l) . 

Now we describe the deformation argument. By changing the angles and the 
hyperbolic structure of Q, Equations (|lip and ([T^ imply that we can deform 

the representation of tti {N) in SL2 (R) x z R, in such a way that the meridians 

go to the rotation of the expected angle, this gives a SL2 (R) cone structure on 
with the deformed cone angles on the fi. Moreover, since the solution to 
(|lip and (jl2p is localy unique and the metric structure in Q is invariant by the 
involution, r is homotopic to the isometry. By applying ToUefson's theorem to 
N F K , T \s conjugate to an isometry, giving the singular structure on 
. This proves openness for the deformation. For closedness, we need to show 
that p{f) will not become trivial. By contradiction, assume that p{f) = 0, then 
by ([n|) pr{ai) = -di/qi mod 27rZ and by ((H]) Y.'^i/qi G 27rZ. Then we have 

to look carefully at the determinations in the universal covering 5^2 (R) x R- 
Choose a lift of p such that Pr{ai) = "di/qi S (0,27r). Then, by a deformation 
argument and viewing the Euclidean case as a limit case, we get that pi{ai ■ ■ ■ an) 
is a lift of a rotation of angle 27r(n — 2). On the other hand Pr{ai ■ ■ ■ a„) lifts to 
Y^'di/qi £ R, but Y'&i/qi < 2n{n — 2), hence p{ai ■ ■ ■ a^) cannot be the lift or 

a trivial element in in SL2 (R) x z R, which leads to contradiction. □ 
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Figure 11: The orbifold with singular locus the Whitehead link and the base 
of the fibration V^. 

Let us explain now how to adapt the proof of Theorem 11.11 to Theorem 11.21 
We use the analogue results of Section [S] to construct a curve of represen- 
tations when all i9i < 2tt. When some i?i — 2tt, then we require the analogue 
deformation argument of Section El 

The arguments of Section [S] work exactly the same, just by replacing the 
vector (1,...,1) by (wi, . . . ,Wn,w[, . . . ,w'^). 

In Section[B]one has to work with real analytic sets instead of algebraic ones, 
but all results apply. Namely, Sullivan's local Euler characteristic theorem in 
the proof of CoroUarv 16.41 is already stated for real analytic sets. 
The required result on the Teichmiiller space is CoroUarv I A. 61 
Regarding the construction of developing maps. Section [8] and Section [9] 
apply with no changes. 

11 An example 

Let denote the orbifold with underlying space and singular locus the 
Whitehead link. Assume that the respective labels in the singular components 
are n > A and 2. This orbifold is Seifert fibered: the component with label 
n > 4 is a fiber, and the one with label 2 is the union of mirror points of the 
/-fibers, and projects to mirror points of P^. The base of the Seifert fibration 
is a one-edged polygonal orbifold, with a single corner, and its interior contains 
a cone point with label n, corresponding to the singular component that is also 
a fiber. The angle at the corner is 7r/2, cf. Figure [TT] 

In our proof of Theorem 1 1.1 1 we work with the n-th branched covering (thus 
lifts to the regular n-sided right-angled polygon), but for explicit computa- 
tions it is easier to work in instead of its covering. 

The smooth part of is M = \ "Eqs , the complement of the Whitehead 
link in 5'^. li a,b E iiiM are meridians around the two components of E, the 
fundamental group has the following presentation, cf. |21) : 

iTi{M) — (a, 6 I awa""'"K7^^) 

with w — bab^^a^^b^^ab. The S'L2(C)-character variety of M has been com- 
puted by [21] . Here we follow the exposition from [28] . Namely, after identifying 
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X{M) with the image of the map 



with 

and 



X{M) 

X '-^ {x{a),x{b),x{ab)) 



X{M) = {(x, y, e I 2/, z) ■ q{x, y, z) = 0} 
p(a;, y, z) = xy — [x^ + — 2)z + xajz'^ — z^ 



q{x, y, z) — x'^ + y^ + z^ — xyz — 4 . 

Again by [2] , q = Q corresponds to the abehan characters and p is the 
closure of the set of irreducible characters. 

We work with the subvariety y = ±2cos(7r/n), with n > 4. The holonomies 
of the deformations of Proposition 12.11 are obtained by taking x — ±2cos(a/2), 
for a — TT — t close to tt. 

The point of the initial holonomy xo has coordinates 



X = 0, y = ±2 cos(7r/?i) and z = ±-\/4cos2(7r/n) — 2 S iR. 
The sign ambiguity comes from different lifts to SL2{C). Since n > 4, 

f^(xo)^0. 
oz 

Hence, by the implicit function theorem, x is a local parameter of the variety 

p{x, ±2 cos(7r/n), z) = 

around xo- In particular a — n — t is a local parameter of our deformation space. 
Recall that changing the sign of t corresponds to changing the orientation. 

This example was the conjectural picture for a piece of the boundary of the 
moduli space of hyperbolic cone structures of [25] . 

Other regular or singular Dehn fillings on the same component of the White- 
head link give a Seifert fibered orbifold with the same base. Here we just de- 
scribed the 1/0-Dehn filling with singular core with ramification n > 5, but we 
can also consider the p/q-Dehn filling with p > 1 either with regular core (n = 1) 
or with singular core of ramification n > 2. The base is the same orbifold, and 
the cone point has label pn. So the base is hyperbolic when pn > A. Similar 
explicit computations of the variety of characters can be made, but they are 
more involved. 



A Appendix: Earthquakes and polygons 

We are in the setting of Lemma Thus, assuming that is a polygon with 
cone angles < '(?o/2 < 7r/2, we take its double C, which is a cone manifold with 
underlying space a sphere, and singular locus n points of cone angle < i?o < tt. 

We follow the work of Bonsante and Schlenker in [S] about earthquakes for 
closed cone manifolds with cone angles < tt. 
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The Teichmiiller space of C is denoted by T{C), and we assume that cone 
angles are fixed. Let MC{C) and VM£{C) denote the spaces of measured 
and projectively measured geodesic laminations on the smooth part of C. Thus 
Mclc) ^ R2"-6 and VMC{C) S^"~'^. Lemma 2.2 of [5] proves that any 
lamination of C can be realized by a geodesic lamination. The main result of 
for our purposes is the earthquake theorem for cone manifolds with cone angles 
< tt: 

Theorem A.l {"W). For any S € T{C), the map 

MC{C) ^ T{C) 
A ^ EiiS) 

is a homeomorphism, where denotes the left earthquake of S along A € 
MC[C). 

We also require a version of Wolpert's formulas |35j in our setting, namely 
for the lengths of the segments between cone points. Let a denote a geodesic 
segment of C between two cone points. The perimeter we are interested in is 
the addition of lengths of such geodesic segments. The length of a is denoted 

by \<jV 

Lemma A. 2. Let S G T{C), A G A4C{C) and a a geodesic segment between 
two cone points. For the earthquake deformation El^{S), t G R+.' 

(V^ = Loose. 

(2) > c(A, (t)^, for some uniform c > 0. 

Here 9 denotes the angle from A to cr measured counterclockwise at each 
intersection point, cos 6* means the integral of the cosine of this angle on the 
intersection between a and A along the transverse measure of A, and 

(A,cr) ^ Xcr 



is the intersection between A and a (which is the integral of the characteristic 
function of cr along the transverse measure of A). 

To prove this lemma we use the density of weighted multicurves in MC{C) 
and reduce to the following computation: 

Lemma A. 3 (Wolpert's formulas). Let S G T{C), A G MC{C) and a a 
geodesic segment between two cone points. For the earthquake deformation 
ElJS),te-R+: 

(1) Let X be a simple closed curve. Then = J^cosO. 

(2) Let A — ^TTiiAi, be a weighted multicurve, with Xi disjoint .simple closed 
curves and mi G R+. Then 

cosh|a+|cosh|a-| 
-^-l^m,m, sm 9, sm 6, 

ij (p,(j)G(o-nAi)x((TnAj) 

where cr+^ and cr"^ are the two components of a \ pq, and 6p and 9q are 
the angles at the corresponding intersection points. 
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Figure 12: The earthquake of parameter t — \piP2\ > transforms the picture 
on the left to the picture on the right. 

Lemma fA.Sr i) impHes Lemma [A. 21" !') by density of multicurves in Ai£{C). 
For item (2), one uses in addition the fact that the cone angles are < iSq < tt. 
This implies that the distance between cone points and \j is > C('(5o) > 0, for 
some uniform C('i?o) depending on -iJo < tt (see Remark 2 in [8]). Thus sin6'p 
and sin^g are also uniformly bounded away from zero. 

Proof of Lemma \A.3[ To prove (1), consider the result of an earthquake of 
length t as in Figure [T^ and analyze limits when t \ 0. 

In the picture, a is the segment between two cone points ci and C2, and it 
is divided into two segments of length li = \cip\ and I2 = \c2p\ respectively. Let 
ai — ZpiCipo and a2 = Zp2Cipo denote the angles between the old and the 
new minimizing segments between ci and C2 after the earthquake, at ci and C2 
respectively. Of course ai — >■ and q;2 — > as t \ 0. Accordingly, we divide 
the segment P1P2 of length t into two pieces piPo and poP2 of length ti and t2 
respectively. So we have t = ti +t2 and = li + l2- Writing + Sli = \ciPq\, 
the cosine formula gives 

cosh(^i + Sli ) = cosh^i cosh<i — sinhZi sinhti cos(7r — 6). 

Moreover, by the triangle inequality \6li\ < ti, hence 

Sh coahih + Sh) - coshh 

lim — = lim — cosItt — 0) ~ cose'. (13) 

ti\o ti ti\,o ti smh li 

Define 9 + 59 to be the angle between A and the segment from ci to C2 after 
the earthquake. Using the hyperbolic sine formula: 

sin(6l + 69) sin(7r - 9) 



sinh(^i) sinh(Zi + 5li) 



we have 



,. sm.i9 + 69) - sin(6l) ,. . 1 sinh(/i) - sinh(/i + 5li) 
lim — hm sm(y)- 



ti\,o ti ti\,o ti smh{li + 5li) 



sin(6l) cos(6l) 
tanh(Zi) 
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Figure 13: The earthquake of parameter t — \piP2\ > transforms the picture 
on the left to the picture on the right. 

Thus 

hm ^ = (14) 
t\o t2 tanhi2 

which proves that ti and t2 are infinitesimals of t of the same order. Notice 
that we have given an argument for (fH)) when cos6' ^ 0, but when 9 ~ tt/2, the 
picture is symmetric and then <i = t2 = t/2 and h = h- 

Equation (fT3|) and the fact that ti and t2 are infinitesimals of t of the same 
order prove the first formula of the lemma when the curves meet at a single 
point, and the general case follows from linearity. 

Notice that from Equation ([TI)) we also have: 

t2 tanh/2 sinh/2C0shZi ^^^^ 

t tanh^i + tanh^2 sinli|CT| 

Now we consider a new geodesic /i in the previous picture, and we want to 
estimate the derivative of cos(?7), where rj is the angle at q = n cr from jito a 
(counterclockwise) . In Figure [T31 77 + ^ry is the angle at go (the intersection of /i 
with the segment C1C2 after the earthquake). 
First, applying the sine formula, we have: 

a2 ,. sma2 ,. am{n - 9) sm9 
hm — — hm -— ~ lim . --^ = . (16) 

t2\o t2 t2\,osmht2 t2-i-o smh(/2 + 0'2) smh/2 

By applying the dual cosine formula: 

cos{ri + drj) = — cos(7r — 77) cos 02 + sin(7r — 77) sin 02 cosh ^3 
— cos?7COsa2 + sin77sina2 cosh^a, 

where ^3 = |<ZC2|. Thus 

cos(?7 + 6r]) — cos rj , cos(r7 + 5r]) — cos rj cos a2 
hm = hm ■ 



sin n sin a2 cosh Z3 , 
hm . 17) 

t\o t ^ ' 



Combining Equations (jl5L ([TE)) and (jl7p . we get: 

cos(?7 + Sri) — cos n sin 9 sin 77 cosh /3 cosh h 

1™ = .,11 • 

t\,o t smh cr 
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Writing 9 — 9p, i] — 9q, h = (7+^ and I3 = a^^, we get that, if we only deform 
the earthquake in a neighborhood of p, then 

d cosli I (T+ I cosh I ctZ, I 

-cos(.,) = ^^L^sin.,sin.,. (18) 

We next deduce the formula for a multicurve X = ^rriiXi from (|18p . where each 
Xi is a simple closed curve and rrii e R+. The first derivative is: 

dW\ d\a\ /, 
J— — y nii ; — — > m.; > cost^„. 

In this formula d/dEl^^ and d/dEl^^_ are used to distinguish the foliations of the 
earthquakes. Hence 

9'^W\ Y^ dcoa9p 

For each p G Aj n aXj , we compute the derivative of cos 9p with respect to 
dE^^, by regarding the contribution of all terms in the intersection H cr and 
by applying ([T5|) . proving the lemma. □ 

We also need the following lemma. It is due to Kerckhoff for smooth surfaces, 
but his proof in [211 Thm. 3.5] applies verbatim here: 

Lemma A. 4. Every tangent vector to T{C) is tangent to an earthquake map. 

Combining Lemmas IA.3l and lA. 41 with Theorem lA.il we get that the Hessian 
of the perimeter in T(C) is positive definite. We deduce then the following 
corollary, which implies Lemma 16.21 

Corollary A. 5. The perimeter of has a unique minimum in T(C). More- 
over, the determinant of the Hessian of the perimeter is nonzero on this mini- 
mum, in particular it is an isolated critical point. 
The same holds true on T{P^). 

To prove the assertion for T{P^), notice that not all cone manifold structures 
on C are doubles of polygons. In fact T{P^) C T(C) is a subspace invariant 
by the involution on T{C) induced by the involution on C. The minimizer of 
the perimeter in T{C) must be symmetric by uniquenes, hence it lies in T{P^). 
Moreover, as the minimizer is a critical point, the Hessian restricted to T{P^) 
must be also positive definite. 

Here we restate and prove Proposition 11.51 

Corollary A. 6. Given < i^i, ...,??„ < 7r/2 with '}2,{tt — > 2tt, there exists 
a unique polygon V in H? with those angles that minimizes its perimeter. This 
structure is an isolated critical point for the perimeter in the Teichmiiller space 
of the polygon. 

In addition, V is the only polygon with those angles that has an inscribed 
circle tangent to all of its edges. 

The existence and uniqueness of a minimizer of the W-perimeter holds true 
for any choice of weights W = {wi, ■ ■ ■ , Wn}, Wi > 0. In this case, V is the only 
polygon with an interior point p such that — sinh((i(p, e^)) is independent of the 
edge of P . 
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Proof. When i^i, . . . , i?„ < 7r/2, existence and uniqueness is Corollarv lA.51 The 
fact that it has an inscribed circle tangent to all of its faces (when there are no 
weights) follows from the properties of the Killing vector field in Proposition l8.ll 
When there are weights W, this assertion is consequence of the formulas in the 
proof of Proposition 18. II 

We discuss the case when some of the angles di become 7r/2. Assume first 
that at least two of the cone angles become 7r/2. Then the cone manifold C 
obtained as a double of the polygon has at least two cone angles equal to tt. 
Consider a two to one ramified covering of C, with ramification locus precisely 
the cone points of angle tt. In this way we obtain a cone manifold with cone 
angles < tt, and we may apply the previous argument, also with arcs and some 
closed geodesies, instead of only arcs. 

Assume now there is only one cone angle equal to 7r/2 and all other cone 
angles are < t?o/2 < n/2. Then the cone manifold obtained as double of the 
polygon has one cone angle tt and all other cone angles < 'do < ir. The Te- 
ichmiiller space of the polygon is embedded in R" , with coordinates the length 
of the edges. Using the ambient metric of R!f:, a unit tangent vector v to this 
Teichmiiller space has at least one coordinate larger than 1/ ^/n (up to replacing 
V by —v). We can assume that it happens to be the first coordinate. Now, 
deform the angle 7r/2 to 7r/2 — e, and call the minimum, that varies continu- 
ously. Deform also the tangent vector so that the first coordinate is at least 
1/(2y^). View Ve as a tangent vector Vg, to the Teichmiiller space of C, the cone 
manifold double of the polygon. Let be the earthquake path tangent to Vg. 
By Lemma rA.2l (l'). the intersection of A with the first edge is (A, <Ji) > l/{2y^). 
Thus (A, cr) > l/(2y^) and, by Lemma lA.21 (2). the second derivative of \a\ in 
the direction of w is > c/(2-\/n), for some c > that we claim that exists and is 
uniform because the cone manifold C has only one cone angle equal to tt. Once 
we have this claim, there is a positive lower bound to the second derivative of 
the perimeter, that it is uniform on e > 0, hence it holds for e = and shows 
that the Hessian of the perimeter is positive definite. 

Let us prove the existence of this c > uniform in e > 0, when precisely 
one of the cone angles is tt — e and the other ones are < "Oq < tt. The distance 
between a cone point of angle < "do < and a closed geodesic is > C(i?o) > 0. 
Thus, if (Ti is a segment between two cone points, since at least one of them has 
angle < 'do < n, then the angle between any closed geodesic and ctj is bounded 
below in terms of 'do and an upper bound to the length \a\, hence the angles 
Op and 0q that occur in Lemma IA.3f 2) are bounded below away from zero, 
independently of e. This gives the desired bound. □ 

The arguments in the proof of Corollarv IA.6I also give: 

Remark A. 7. Corollary ] A. 5\ also holds true when some angles of are tt/2. 

B Appendix: Infinitesimal isometries 

The Lie algebra of infinitesimal isometries is denoted by s[2(C). It is naturally 
equipped with the complex Killing form 

B:s[z(C) xsl^(C) ^ C 
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defined by B{a, b) = Trace(Ada o Adb) = 4Trace(ab). Thus, 

Let o be an infinitesimal isometry of complex length I (ie. exp(io) has complex 
length tl). Then 

In particular B{a, a) = iff a is trivial or parabolic. 

The Killing vector field F corresponding to a € slz{C) is the field tangent 
to the orbits of exp(ta), the one parameter group of diffeomorphism of H'^. We 
notice that for x E H"^, is the translational part of a at x. When a is not 
parabolic, then exp(ta) has an invariant axis, that it is also the minimizing 
locus for the norm \F\. This axis is denoted by A(a). The Killing vector field 
has nonempty vanishing locus iff a is an infinitesimal rotation, then it vanishes 
precisely at A (a). 

When a is parabolic, then exp(ta) fixes a point at oo, that we denote by 
Aoo(a) € 

Following Fenchel [H], we denote by dc the complex distance between two 
geodesies, ie. the real part is the metric distance and the imaginary part the 
rotation angle. 

Proposition B.l. Let a, b G s[2(C) be two nonzero and nonparabolic infinites- 
imal isometries. Then 

^^^^^^^ -cosh2dc(A(a),A(b)). 



B(a, a)B(b,b) 



Proof. Notice that B{a, a) — —8 det(a). Thus since traceless matrices in SL2{C) 
are 7r-rotations in H'^, 

■aeS'L2(C) 



V B{a,a) 

is a rotation of angle tt around A(a). Hence, the product 



8 / -8 . ±8 

ab 



]j B{a,a) ]] B{b,b) ^B{a, a)B(b,b) 
is an isometry of complex length 2dc(A(a), A(b)). Thus 

_j_Q 

Trace(-====== ab) - ±2coshdc(A(a), A(b)) 

y/B{a, a)B{b,b) 

The proposition follows from this formula and B{a, b) — 4Trace(ab). □ 

The idea of considering elements of the Lie algebra that are also in SL2{C) 
as rotations of angle tt is taken from the so called line geometry in Marden's 
book m Ch. 7]. 
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Remark B.2. In the previous proposition, if a,b G s[2(C) are infinitesimal 
rotations of respective angles a and (3, and if we have a, /3 > 0, then it makes 
sense to talk about orientation of their axis. In this case we have: 

B{a,b) = -2a/3coshdc(A(a),A(b)). (19) 



This remark follows immediately from Proposition IB. II and a continuity ar- 
gument, by deforming first /3 to a and then by moving one of the oriented edges 
to the other, because B{a, a) = —2a^. 

Given four points zi, Z2, 23, 2:4 G dH'^ = C U 00, the cross ratio is 

r 1 (Zl - Z3){Z2 - 2:4) 

[zi : Z2: Z3: Zi\ ^ G C U {00}. 

{Z2 - Z3){zi - Zi) 

Proposition B.3. Let 0, b G s[2(C) be two nonzero infinitesimal isometrics. 
Assume that a is parabolic and b is not. Then 

1. B{a,b) = iff Aoo {a) is an endpoint of A{b). 

2. Let p-\-,p^ G CU {00} be the endpoints o/A(b), and assume that they are 
both different from Aoo(ci)- Then 



B{a,b) 



2 



^-b+:e*"b_):e*"(p+):p.]. 



B{b,b) t2 

Proof. Up to conjugacy, we may assume that Aoo(ci) = 00 in the upper half 
space model. Then 

a\ , , f u V 
oj ^'^'^^=U -u 

With this expressions, B{a, b) — Aaw, and the first assertion of the proposition 
follows from the fact that w = iff 00 is an endpoint of the axis of b. To prove 
Assertion 2, we may assume up to further conjugation that the axis of b has 
endpoints p± — zLx G R \ {0}. Hence 

a = „ and b = ' ^ 



= 2- 



Oy \y/x 

with B{b, b) = 8y^. Thus: 

B{a,b)^ _ i-iay/x)^ 
S(b,b) " 8y2 

On the other hand, 



[p+ : e*°(p_) : e*°(p+) : p-] = [x : -x + ta : x + ta 



t^a^ 



-X = 



4a;2 ' 

and the formula follows. □ 



Using Proposition IB .31 and the computations in its proof we have the follow- 
ing remark: 
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Remark B.4. Assume o, b S st2(C) satisfy B{a, b) 7^ 0, a is parabolic, and b 
is not. The horosphere centered at Aoo(o) £ 9cioH'^ and tangent to the axis A(b) 
has a natural complex structure, up to homothety. Fix a complex structure in 
which 1 e C zs the unit tangent vector to A(b), and suppose that tz G C is the 
translation vector of e*° in this horosphere. Then: 

B{b,b) 

By looking at the homothety factor of the complex structure on different 
horospheres with the same center, we get: 

Corollary B.5. Let a,b,c G s[2(C) be two nonzero infinitesimal isometrics. 
As.sume that a is parabolic, but b and c are not. If 

B{a,bf ^ B{a,cf 
B{b,b) B{c,c) ^ ' 

then the axis A(b) and A(c) are tangent to the same horosphere centered at 
Aoo(ci) S 9ooH'^. Moreover, their tangent directions are parallel in the Euclidean 
structure of the horosphere. 

Finally we deal with the case where a and b are both parabolic. 

Proposition B.6. Let a, b € s[2(C) be two nonzero infinitesimal parabolic 
isometrics, with respective fixed points at infinity Aoo(ci) and Aoo(b). Then: 

L B{a,b)^OifJA.^{a)=Ao^ib). 

2. WhenAoo{a)^Aoo{b), 

B{a,b) - |[A^(a) : A^(b) : e'%A^{b)) : e'^lA^Ca))]. 

Proof. The first assertion is an elementary computation, with a proof analogous 
to the first statement of Proposition [B3] For the second one, assume Aoo(a) — 
00 and Aoo(b) = 0. Hence 

"=(0 0) ^"db=(^^ 1;). 

Then B{a, b) = ixy. On the other hand, e*°(0) = tx and e*''(oo) = l/{ty), and 
the formula is straightforward. □ 
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